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Abstract: Homotopy theory, which is the main part of algebraic topology, studies topological objects up to 
homotopy equivalence. Homotopy equivalence is a weaker relation than topological equivalence , i.e., 
homotopy classes of spaces are larger than homeomorphism classes. Even though the ultimate goal of topology 
is to classify various classes of topological spaces up to a homeomorphism, in algebraic topology, homotopy 
equivalence plays a more important role than homeomorphism, essentially because the basic tools of algebraic 
topology are invariant with respect to homotopy equivalence.  

Introduction:  
Homotopy of two function f & g : Let X and Y are 
two topological spaces. Homotopy between two 
continuous functions f & g from a topological space X 
to a topological space Y is defined to be a continuous 
function    H: X × [0,1]→Y , from the product of the 
space X  with unit interval  [0,1] → Y such that H(X,0) 
= f(x) and H(X,1) = g(x).  If f and g are two Homotopic 
functions we write f≅g. 
Two spaces X and Y are called Homotopy equivalent 
if there are maps f: X→Y and g: Y→X such that the 
composition fog is homotopic to the identity map of 
Y and gof is homotopic to the identity map of X. Each 
of the maps f and g is called a homotopy equivalent   
and g is called Homotopy inverse of f and vice- versa. 
One should think of homotopy equivalent spaces, 
which can be deformed continuously in to another. 
 Ex: The circle and the annulus are homotopy 
equivalent spaces.  
Mapping the circle isometrically on the inner 
boundary of the annulus and projecting the entire 
annulus along its radii onto the inner boundary, we 

obtain two maps that comply with the definition of 
homotopy equivalence. 
Null homotopic map : A map f: X→Y is called null 
homotopic if it is homotopic to a constant map C: 
X→ {!"} ⊂Y. If %",%&: X→Y  are homeomorphisms 
,they are called Isotopic if they can be joined by a  
Homotopy  F which is a  homeomorphism  F(t,0)  for 
al t ε [0,1] . 
Ex-     If the maps f and g from X to Y are both null 
homotopic and Y is the path connected. Then both f 
and g   are homotopic to each other.  
Let F be the homotopy  joins f  with constant map to 
the point α ∈ Y and a homotpy G joins g with a 
constant map to the point       β ∈ Y and C:[0,1]→Y be 
a path from α to β then the following homotopy joins 
f  to  g . 

H (t, x) =

⎩⎪
⎨
⎪⎧ ,(-, 3.), 0 ≤ . ≤ &

0
1(3� − 1),

 
! ≤ � ≤ #

!$(%, 3 − 3�), #
! ≤ � ≤ 1

 

Homotopic  equivalent spaces 
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           S' 
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Preposition: The relation of being homotopic maps 
and being homotopy equivalent spaces is an 
equivalence relation.  
Let X is a topological space, the map (Ix, Ix) and H (t, 
x) = x for any t. Shows that X ≈ X.  
Let f ≈ g by a homotopy H Then g ≈ f if there is  
homotpy    Ĥ=H (x, 1-t), such that   
 Ĥ(x, 0) = H(x, 1) = g(x) 
                                                                          
  Ĥ(x,1) = H(x,0) = f(x) 
Suppose f ≈ g ≈ h let we have homotopies F and G 
joining     f  to  g   and g to h. Then the homotopy  

H (t,x) =) *(2�,%)     ∶  0 ≤ � ≤  
#$(2� − 1,,) ∶    

# ≤ � ≤ 1
   as 0≤ 2� ≤ 1   &  

0 ≤ 2� − 1 ≤ 1   Joins f  to h. Therefore          
f ≈ h. 
 
Homotopic curves: f  -  and -# be two curves with 
common end points contained in a region Ω .  It is 
very natural to ask whether  -   can be continuously 
deformed to   -#   when the end points are kept fixed 
and the moving arc is confined in region Ω.   In the 
following figure  -  can be deformed to -#   but 
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not  ��.  

 
 
Two arcs which can be deformed into each other are 
said to be Homotopic with respect to the region Ω. 
Deformation of arcs: Deformation of arcs can be 
described by means of a continuous function Z=Z (t, 
u) of two variables where the point (t, u) ranges over 
a rectangle α≤t≤β, 0≤u≤1.  To every fixed value u 
= !" there corresponds an arc Z= Z (t,!") and the 
effect of the deformation is to change the initial arc 
Z=Z (t, 0) into Z=Z (t,1).  The deformation take place 
within Ω if Z (t, u) # Ω for all (t, u) and it is a 
deformation with fixed end points if Z (α, u) and Z (β, 
u) are constant.  To every fixed value of t=$", there 
corresponds an arc Z=Z ($", u) with u as parameter 
which may be called deformation path of the point 
corresponding to $".  
Homotopic  arcs:  Two arcs  �%  and �&  defined by 
the  equations Z = '%(t) and Z='&(t)  over the same  
parametric interval α≤t≤ (,  are said to be  
homotopic in Ω  if there exists  a continuous function 
Z(t, u) of two variables , defined for  α≤t≤ ( ,0≤ ! ≤

1 with the following properties 
1.   Z(t, u) � Ω   for all (t, u) 
2.   Z(t,0)=  !(t) , Z(t,1)=  "(t), for all t 
3.   Z(α, u)=  !(α)=  "(α),     
4.   Z(β,u)=  !(β)=  "(β) for all u. 
As the relation of being Homotopy is an equivalence 
relation we can divide all arcs into equivalence classes 
called Homotopy classes. The arcs in a homotopy 
class have common end point and can be deformed 
into in to each other within Ω. It is to be pointed out 
that different parametric representations   of the 
some arc are always homotopic. 
 If Z=  !(t) is reparametrization  of Z=  "(t) if there 
exist non decreasing function φ(t) such that  !(t)=  "(φ(t))  then Z(t, u)=  !((1-u)t+u(φ(t)), then 
for u= 0 and u=1  we obtain Z(t,0)=  !(t) and  
Z(t,1)=  !(φ(t))=  "(t). 
Ex - Let   GL(n, R)  is the set of  general linear 
matrices  of order n× #. 
Then let f and g   be two maps from    GL(n, R) × 

GL(n, R)→ %
&→ GL(2n, R) Such that  

f(A,B)='(  ))   *+,   
g(A,B)='(*  ))    , +  , -.(A,B)=

'(    ))     ,+' /012      1342    51342    /012    + ' ,    ))     *+'/012  51342    1342      /012    +, 0 ≤ 7 ≤ 8
" 

Then  , -.(A,B) be the homotopy between  f  and g 
and they are homotopic equivalent. 
 Contractible spaces:   
Def-    A topological space X is called contractible if 
it is homotopically equivalent   to a point, or a space 
is contractible if its identity map is null homotopic. 
Ex – The space 9: and ;:  i.e. the Euclidean space 
and complex space are contractible for all n. Similarly 
the Disc <:, any tree (graph without any cycle) is also   
contractible spaces. But the space  =: , n≥ 0 and a 
graph with cycles are not contractible.  
Theorem - Any convex subset of 9:  is contractible. 
Proof:     Let C be a complex subset in   9:   and let ?@ε C.  
Define h(x, t) = ?@+ (1-t)(x-?@)   
By convexity for any t ε [0, 1] we can get a map of C 
into itself, which is a homotopy between the identity 
map and the constant map to ?@.  So C is contractible.  
Properties of contractible spaces: 
Path connected spaces: A topological space X  is 
said to be path connected  or arc wise connected  if 
for any two points  α and β A B  there  is a continuous 
map f:[0,1]→ B such that f(0)= α and f(1)= β. 
 P1:  Any contractible space X is path connected.  
 Proof:     Let  ?! ,  ?"  ε X where X is any contractible 
space . Let H be the homotopy between the identity 
and a constant map to ?@  let 

f (t)=C -(?, 27),      7 ≤ !
"-(D, 27 − 1), 7 ≥ 1

 

Then f is a continuous map of [0, 1] to X with f (0) = x 
and f (1) = y, Proves that X is path connected. 
P2:  If X is contractible space , then any map f  of  X 
i.e. f :X→Y is null homotopic. 
Proof:  Let X be a contractible space. By composing 
the homotopy X to a point p and a map f we have a 
constant map f(p).  Shows that   f is null homotopic. 
P3:   If the space Y is contractible space, then any map 
f to this space i.e. f: X→Y is null homotopic.  
Proof:  By composing a map f with homotopy taking Y 
to a point and have a homotopy of f and a constant 
map to that point. 
P4:   If X be a contractible space and Y be any 
topological space then X× ! is homotopy equivalent 
to X. 
Proof   If   H: Y  × [0, 1]→Y is homotopy between  the 
identity  and a constant map of Y . That  H(y, 0) = y 
and  H(y, 1) = "# . Then for the map  H$ = %& × H 
has            '((), ", 0) = (),")  and '((),", 1) = (), "#).  
Therefore projection  *: (),") → ) +,-   the 
embedding   
./# ∶ ) → (), "#). will give homotopy equivalence. 
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