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Abstract: The article analyses the motion of a viscoelastic fluid in the interior of a closed loop 
thermosyphon under the effects of natural convection. The system of equations stands for the 
acceleration, velocity and the temperature of the viscoelastic fluid inside the thermosyphon. Numerical 
experiments are performed in order to describe the non-linear dynamics of the solution for different 
ranges of the relevant parameters, where v(t) is the velocity, T (t, x) is the distribution of the 
temperature of the viscoelastic fluid in the loop, γ is the temperature diffusion coefficient, G(v) is the 
friction law at the inner wall of the loop, the function f is the geometry of the loop and the distribution 
of gravitational forces, h(x) is the heat and ε is the viscoelastic parameter. The numerical experiments 
are summarized for a detailed analysis of the non linear dynamics of the system.  
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Introduction: A Thermosyphon is a device composed of a closed loop containing fluid whose motion is 
driven by the action of several forces such as buoyancy induced by differences in temperature by natural 
convection. It is an energy transfer device capable of transferring heat from a source to a separate sink 
over a relatively long distance, without the use of active control instrumentation and any mechanically 
moving parts such as pumps.  
 
Thermosyphons represent simplified models for the natural convection of fluids. Physically, the motion 
is due to the tendency of less dense fluids to move upwards, thus competing with gravity or rotational 
motion. They are always gravity driven. The loop system enables enhancement of heat transfer and 
minimization of flow losses (pressure drop).  
 
Thermosyphons can be categorized (Kirk Storey 2003) [12] based on: 
· The nature of boundaries (open or closed system for mass flow) 

· The regime of heat transfer (convection, boiling or both) 

· The number of type of phases present (single or two phase state) 

· The nature of the body force (gravitational and rotational) 
 
The common feature of the thermosyphon model is that the loop is assumed to be closed and 
completely full of fluid and the velocity v(t) within the closed loop is a scalar quantity, depending only 
on time. The closed loop thermosyphon may be visualized as a long hollow pipe, bent and the ends 
joined to form a continuous loop, filled with working fluid and orientated in a vertical plane. If the one 
side of the loop is heated and the other side cooled, the average density of the fluid in the heated side is 
less than in the cooled side. An essentially hydrostatic pressure difference, as a result of the thermally 
induced temperature gradient between the hot and the cold sides, drives the fluid flows around the 
loop. The `buoyancy` force, as it is often termed, driving the fluid is in turn counteracted by an 
opposing frictional force that tends to retard the flow.     
 
The motion of fluid containing a soluble substance in the interior of a closed loop under the effects of 
natural convection is studied by performing various numerical experiments. The purpose of this study is 
to obtain a standard model that gives the maximum heat flux in order to suit the demand. Variables like 
velocity v(t), temperature T(t, x) and heat flux h(t), the cross sectional area of the loop, are derived using 
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both ordinary and partial differential equations. Numerical analysis is performed by considering the 
Fourier expansion by writing the equations for the Fourier coefficients. The numerical experiments that 
are carried out show the exact behavior of the fluid in the loop.  The results obtained in the numerical 
analysis explicitly determine, the Fourier modes and the asymptotic behavior of the solutions, which 
opens the way for further research in the area of different thermosyphon models.    
 
Applications of thermosyphon systems are of great interest to the world´s mathematicians as well as to 
mechanical engineers. There has been a lot of research carried out in this field by many engineers and 
mathematicians such as, J.B. Keller (1966), Welander (1967), J.E. Hart (1985), R.Temam (1988), Aníbal 
Rodríguez-Bernal (1990,1995,1998), Kirk Storey (2003), Ángela Jiménez (1996, 1999, 2001, 2005) and 
Dobson (2007). However, the need for further research in the field is on the increase as thermosyphon 
systems are extensively used in the day-to-day chores of human life like solar water heaters, solar 
thermal pans, etc. 
 
Physical Representation of the Model: The loop is assumed to be closed and completely full of fluid. 
The cross sectional area of the loop is assumed to be constant and the velocity of the fluid is assumed to 
be the same at each point of the circuit, saying that the velocity v(t) is a scalar quantity depending only 
on time, satisfying an ordinary differential equation. The heat diffusion transversal to the loop axis is 
neglected and the temperature T(t, x) is a function of position and time that satisfies a first order 
transport equation. The relevant variables are the velocity and temperature of the fluid, which are the 
unknowns of the model that must satisfy a system of differential equations.  
 
A few physical hypothesis were made by Welander [23] to formulate the equations of the thermosyphon.  
They are:  
 

Table 1: Physical Hypothesis Made To Formulate the Equations of Thermosyphon 

· The Boussinesq approximation 
· The tangential friction force on the fluid is proportional to the instantaneous flow rate 
· The temperature of the fluid is uniform over each cross-sectional area 
· The heat transfer rate between the pipe and the fluid is proportional to the difference between a 

prescribed wall temperature and the fluid  
 
Parameters Affecting the Loop Operation: Various experimental investigations have been done with 
the aim of parametric study of a closed loop thermosyphon. These studies indicate the following main 
variables affecting the thermosyphon performance: 
 

Table 2: Variables Affecting the Thermosyphon Performance 

· Physical variables: quantity of the working fluid (filling ratio), physical properties of the working 
fluid and tube material. 

· Geometric variables: length of the loop, diameter and shape of the loop. 
· Operational variables: open loop or closed loop operation, heating and cooling methodology, 

orientation of the loop during the operation and the use of the values. 
· Reynolds number affect the loop operations to a great extent.  
· Solute concentration of the binary fluid.  
 
It is evident that there are multiple variables which simultaneously affect the operation and 
performance of the loop. This makes it all the more difficult to undertake mathematical modeling using 
conventional techniques.  
 
Mathematical Representation of the Model: There are lots of mathematical representations of 
thermosyphon models developed by the mathematicians. The evolution of the variables like velocity 
v(t), temperature T(t, x) and heat flux h(t), the cross sectional area of the loop, are derived using both 
ordinary and partial differential equations. They have studied the well-posedness and the asymptotic 
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behavior of the model when the time goes to infinity. There has been a lot of research done on this field 
like,  
· Stability analysis of a closed thermosyphon,  
· On the dynamics of a closed thermosyphon,  
· Global Attractors and Inertial Manifold for the dynamics of a closed thermosyphon,  
· Complex oscillation in a closed thermosyphon,  
· Diffusion induced chaos in a closed-loop thermosyphon and  
· Finite-dimensional asymptotic behavior in a thermosyphon including the Soret effect (where we 

consider a binary fluid, with solute concentration S(t, x)). 
 

Table 3: Nomenclature of Functions and the Parameters 
Nomenclature 
v (t) - velocity of the fluid 
x -  arc length co-ordinate along the 
loop 
T(t, x)  - temperature 
S (t, x)-  solute concentration 
f(x)  - geometry of the loop 
G(v) - friction function 
H(v) - heat flux  
h(x)- heat flux function (in particular 
case) 
Re - Reynolds-like number 
L  - length of the loop 
λ  - diffusion co-efficient 
a(t) – Fourier mode of the temperature 
d(t) – Fourier mode of the 
concentration of the solute 
b  -  Soret diffusion parameter 
B  -  heat flux parameter 

 
We consider a binary fluid, for example, water and antifreeze where we have a new unknown function 
which describes the solute concentration S(t, x). Binary fluids were studied with the convective 
movements caused by inner solute fluctuations generated by the temperature gradient, known as the 
Soret effect.  
 
Numerical Results Using A General Heat Flux: The following system of equations with heat flux was 
used to study the numerical result of the solute: 

  

In order to write the equations to be solved, consider the functions implied in Fourier’s expansion given 
by:  
f (x) = *   
h (x) = *  
T (x, t) = *  
where the unknowns are the velocity of the fluid v(t), Fourier’s mode of the temperature (t)= 

(t) (t), The system of equations that will be solved for this model are: 
 = 2    ̶ G(v) v 

 = A    ̶  v4     ̶ v2π  
 = B    ̶  v4     ̶ v2π  
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As can be noted, it is a system of four equations with four unknowns. The friction law G(v) = (| v | + 
). The variables A and B, refer in this model to the position-dependent (x) heat flux inside the loop 

will be used as tuning parameters. The value of A = 0 for simplicity, in analogy with the model of Lorenz 
equations.  
 
Initial Conditions: The different behaviors of the dynamics of the system were observed. The following 
initial values were taken: 
W(0)=0, v(0) = 0,  (0) = 1,   (0) = 1.  

A=0 
B= tuning parameter 
Γ= tuning parameter 
Ε=tuning parameter 
T= 0 to 50 

First, it is dealt with the behavior upon varying the diffusion parameter. Fix the heat flux parameter B to 
be 50 and observed the evolution of the variables. The range of behaviors was very varied. For low 
enough values of b, very close to 0 compared with the range of values of the rest of the simulations, i.e., 
g = 0.001, convergence to equilibrium was observed. In this behavior, after some more or less 
complicated transitions, stable values were reached (1 or -1 for the velocity and the temperature, 
depending on the different values of b). However, this behavior does not have a wide area, so that it is 
observed that, upon increasing b, the arrival to the equilibrium value is more and more quick. The 
simulations for this range have required integrating up to a higher value of time than the rest, in which 
the situation of steady state is reached much earlier. This behavior towards a point of equilibrium does 
not last, and from b = 0.01, shows periodic behavior. The dynamic is originally of period 1; later it 
becomes of higher periods.   
 
If continued increasing the Soret diffusion parameter b, it is observed how the periodic behavior stays, 
while progressively increasing the frequency of variation of the signals, as well as their amplitudes, 
although the aspects of the diagrams do not vary. It is also noted that the transitions become longer and 
more complex (for Soret diffusion parameter of value b = 50), where the stationary regime is finally 
reached.  
 
Starting from Soret diffusion parameter b equal to 120, a new tendency is observed. From this point, a 
zone of transition can be noted in which the signals do not have a periodicity of 1 that is so noticeable, 
but rather multi-periodic behavior appears. This behavior of transition continues up to a Soret diffusion 
of b = 200, where it can be considered to be fully chaotic. It should be clear that borderlines between the 
behaviors are never clear, the transition always being soft.  
 
Once the variety of behaviors that appear in this model are established, observed the evolution of the 
dynamic upon varying the B heat flux parameter. The most appreciable effect is the progressive 
reduction of the equilibrium and periodic behavior (both pure and transition).  As was noted before, the 
term of temperature diffusion has little effect as the dimensions of the considered thermosyphon are 
increased. Also, the existence of a term of diffusion makes the solutions more regular. These facts 
remain perfectly justified in the following numerical experiments, in which consider the case limit of 
temperature diffusion, λ = 0. 
 
The first appreciable effect is that without diffusion, equilibrium is not reached. For low enough values 
of Soret diffusion b, for which in the models with diffusion the system was led to equilibrium, in this 
case periodic behaviors appear, of period 1 in most of the cases, with a zone of transition in which 
included behaviors of period 2 or more as well as behaviors that, without coming to a fixed orbit, 
respond with a certain regularity. It is noticeable that in these cases the transition is much more 
complex than those in which diffusion is considered, arriving to periodicity slowly and in an asymptotic 
way. In spite of the fact that the qualitative form of the plots does not vary, an important dependence of 
the step of integration for all values of heat flux B is noted, so that, in the environment of b = 0.01, the 
change from periodic to chaotic behavior can be observed.  
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Table 4: Behavior of Heat Flux Parameter B versus Soret Effect Parameter B for the Model 

B 
Last Values for b 

Providing Equilibrium 
Last Value for b Providing 

Transient Behavior 
Last Value for b 

Providing Periodicity 
1 
5 
10 
20 
30 
40 
50 
60 
100 
300 

0.19 
0.045 
0.023 
0.012 
0.011 
0.009 
0.007 
0.006 
0.005 
0.005 

4100 
850 
400 
200 
125 
105 
90 
82 
50 
20 

6000 
1300 
650 
325 
250 
170 
145 
110 
75 
25 

 
The chaotic behavior without temperature diffusion (taking into account the case limit  λ = 0) presents 
its own particularities with regard to that of the case with temperature diffusion. The dynamic becomes 
more complex, characterized in all the cases by periods of calm and those of violent oscillations that are 
later damped by the system and gives an idea of the complexity of the solutions of the equation system 
under these situations. In the detail of the temporary evolution of the velocity one can see that the parts 
that look solid are actually made of very quick oscillations initiated by an amplified interference. The 
system tends to annul them, keeping the fluid in rest until another interference is amplified.  
 

Table 5: The Behaviour Pattern Limits For The Viscoelastic Fluid 

 
 

Table 6: The Behaviour Pattern of Viscoelastic Fluids in A Closed Loop Thermosyphon 

B/ε 100 10 1 .1 .01 .001 .0001 
1 C1 C1 E2 E3 P2 P2 P2 

10 C1 C1 E2 E3 P2 P2 P2 
20 C1 C1 E2 E3 P2 P2 P2 
30 C1 C1 E2 E3 P1 P1 P1 
40 C1 C1 E2 E3 P2 P1 P1 
50 C1 C1 E2 E3 P2 P1 P1 
100 C1 C1 E2 E3 P1 P2 P2 

1000 C1 C1 E2 E3 P2 P2 P2 
10000 C1 C1 E2 E3 P2 P2 P2 

 



Mathematical Sciences International Research Journal Volume 7 Spl Issue 2                  ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Referred) International Journal | SE Impact Factor 2.73             |    97  

Conclusion: The experiments made verify the complexity and the wide range of behaviors exhibited by 
this model of thermo syphon, as was already demonstrated in the theoretical development. These 
behaviors include the dynamic chaotic Lorenz type, as well as periodic behavior and equilibrium.  
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