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1. Introduction: Fixed point theorems plays a basic role in applications of various branches of 
mathematics from calculus and linear algebra to topology and analysis.  Much work has been done 
involving fixed point using the Banach Contraction Principle.  This principle has been extended to other 
kind of contraction principle such as contraction conditions involving product rational expression and 
many others.  The Banach contraction principle with rational expression have been extended and some 
fixed point and common fixed point theorems obtained in Banach[3] . 
 
Banach contraction principle has been generalized by many mathematician Viz. , Abbas & Rhoades[1] , 
Bajaj[2] ,     Ciric[5]  ,  Dubey & Pathak[6]  , Fisher[7,8,9] ,  G. Emmanuell[10]  ,   Imdad & Khan[11] , 
Jaggi[12] ,  Kannan[13] ,     Reich[14] ,  Rani  D. and Chugh[15]  , Solanki[16] ,   Singh S. L. Hematulin, Pant 
R[17]  , Yadava R. N., Rajput S. S. & Bhardwaj[19]  and many others.  In the present paper we will find 
some fixed point & common fixed point theorems in complete metric space in rational expression. 
 
2.0 Preliminary: Let 𝐺 be a real Banach space and ′𝐾′ a subset at 𝐺. 𝐾 is called a cone iff 
a) 𝐾 is closed, nonempty, and 𝐾 ≠ {0}  
b) 𝑎, 𝑏 ∈ 𝑅, 𝑎, 𝑏 ≥ 0,   𝑥, 𝑦 ∈ 𝐾 ⟹ 𝑎𝑥 + 𝑏𝑦 ∈ 𝐾. 
c) 𝑥 ∈ 𝐾 𝑎𝑛𝑑 − 𝑥 ∈ 𝐾 ⟹ 𝑥 = 0  𝑖. 𝑒.  𝐾 ∩ (−𝐾) = {0}. 
Given a cone 𝐾 ⊂ 𝐺,  we define a partial ordering ≤  with respect to 
𝐾 𝑏𝑦 𝑥 ≤ 𝑦  𝑖𝑓𝑓 𝑦 − 𝑥 ∈ 𝐾  
We write  𝑥 < 𝑦  𝑖𝑓 𝑥 ≤ 𝑦 𝑏𝑢𝑡 𝑥 ≠ 𝑦.  
While  𝑥 ≪ 𝑦 𝑖𝑓 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡 𝐾. 
The cone 𝐾 is called normal if there is a number 𝑀 > 0 𝑠. 𝑡. 𝑥, 𝑦 ∈ 𝐺. 
0 ≤ 𝑥 < 𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 ∥ 𝑥 ∥  ≤  𝑀 ∥ 𝑦 ∥  . 
The least positive number satisfying above is called the normal constant of. 
 
Definition: 2.1 [2]: Let 𝑋 be non-empty set  𝐺 is a real Banach space and 𝐾 ⊂ 𝐺,   
 a cone. Suppose the mapping 𝑑: 𝑋 × 𝑋 → 𝐺 satifies 
𝑑 1.     0 < 𝑑 (𝑥, 𝑦)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋 𝑎𝑛𝑑 𝑑 ( 𝑥, 𝑦) = 0 𝑖𝑓𝑓 𝑥 = 𝑦    𝑎𝑛𝑑 𝑑 ( 𝑥, 𝑦) = 0 𝑖𝑓𝑓 𝑥 = 𝑦     
𝑑 2.     𝑑 (𝑥, 𝑦) = 𝑑 (𝑦, 𝑥)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋   
𝑑 3.     𝑑 (𝑥, 𝑦)  ≤ 𝑑(𝑥, 𝑧) +  𝑑(𝑧, 𝑦)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧  ∈ 𝑋  
Then d is called a cone metric on 𝑋 and  (𝑋, 𝑑) is called a cone metric space.  
 
Definition 2.2 [4] Let (𝑋, 𝑑) is said to be a complete cone metric space, if every Cauchy sequence is 
convergent in 𝑋.  
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3.0 Main Result:  
Theorem 3.1: Let (𝑋, 𝑑) 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑐𝑜𝑛𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝐾 𝑏𝑒 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑒 𝑤𝑖𝑡ℎ 
𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  𝑀 .  𝐿𝑒𝑡   𝑇 ∶ 𝑋 → 𝑋  𝑏𝑒 𝑎 
 𝑑(𝑇𝑥, 𝑇𝑦) 

≤ 𝛼ଵ
ௗ(௫,்௬)ௗ(௬,்௬)ା[ௗ(௫,௬)]మ

ௗ(௫,௬)
  

+𝛼ଶ

𝑑(𝑥, 𝑇𝑥)𝑑(𝑥, 𝑇𝑦) + [𝑑(𝑥, 𝑦)]ଶ

𝑑(𝑥, 𝑦)
 

+𝛼ଷ

𝑑(𝑥, 𝑇𝑥)𝑑(𝑦, 𝑇𝑦)

𝑑(𝑥, 𝑦)
+ 𝛼ସ[𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦)] 

+𝛼ହ[𝑑(𝑦, 𝑇𝑥) + 𝑑(𝑥, 𝑇𝑦)] + 𝛼଺[𝑑(𝑥, 𝑦)]  +  𝐿 min{ 𝑑 (𝑥 , 𝑇𝑦), 𝑑(𝑦, 𝑇𝑥)}.  ............. (3.1.a) 
for all 𝑥, 𝑦 ∈ 𝑋, 𝑤ℎ𝑒𝑟𝑒 𝐿 ≥ 0  𝑎𝑛𝑑  𝑥 ≠ 𝑦 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 
𝛼ଵ, 𝛼ଶ, 𝛼ଷ, 𝛼ସ, 𝛼ହ, 𝛼଺ ∈ [0,1) 𝑤𝑖𝑡ℎ 
𝛼ଵ +  2𝛼ଶ + 2𝛼ଷ + 2𝛼ସ + 𝛼ହ + 𝛼଺ < 1. 𝑇ℎ𝑒𝑛 𝑇 ℎ𝑎𝑠, 𝑢𝑛𝑖𝑞𝑢𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑋. 
Proof: Let 𝑋଴ be an arbitrary point in X. and we define a sequence {𝑥௡} be. means of iterates of T by 
satisfying 𝑇௡𝑥଴ = 𝑥௡, 𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 
𝐼𝑓 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑛 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒  𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 𝑖𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒.  𝑆𝑜 𝑙𝑒𝑡 𝑥௡ ≠ 𝑥௡ାଵ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛.  
𝐶ℎ𝑜𝑜𝑠𝑒  𝑥଴  ∈ 𝑋  , 𝑆𝑒𝑡  𝑥ଵ  = 𝑇𝑥଴  , 𝑥௡  = 𝑇𝑥௡ିଵ 
𝑑(𝑥௡ାଵ, 𝑥௡) = 𝑑(𝑇𝑥௡ , 𝑇𝑥௡ିଵ)  

≤ 𝛼ଵ

𝑑(𝑥௡, 𝑇𝑥௡ିଵ)𝑑(𝑥௡ିଵ, 𝑇𝑥௡ିଵ) + [𝑑(𝑥௡, 𝑥௡ିଵ)]ଶ

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ଶ

𝑑(𝑥௡, 𝑇𝑥௡)𝑑(𝑥௡, 𝑇𝑥௡ିଵ) + [𝑑(𝑥௡, 𝑥௡ିଵ)]ଶ

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ଷ

𝑑(𝑥௡, 𝑇𝑥௡)𝑑(𝑥௡ିଵ, 𝑇𝑥௡ିଵ)

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ସ[𝑑(𝑥௡, 𝑇𝑥௡) + 𝑑(𝑥௡ିଵ, 𝑇𝑥௡ିଵ) 
+𝛼ହ[𝑑(𝑥௡ିଵ, 𝑇𝑥௡) + 𝑑(𝑥௡, 𝑇𝑥௡ିଵ)] +𝛼଺[𝑑(𝑥௡, 𝑥௡ିଵ)] + 𝐿 min{ 𝑑(𝑥௡, 𝑇𝑥௡ିଵ), 𝑑( 𝑥௡ିଵ , 𝑇𝑥௡)} 
 

= 𝛼ଵ

𝑑(𝑥௡, 𝑥௡)𝑑(𝑥௡ିଵ, 𝑥௡) + [𝑑(𝑥௡, 𝑥௡ିଵ)]ଶ

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ଶ

𝑑(𝑥௡, 𝑥௡ାଵ)𝑑(𝑥௡, 𝑥௡) + [𝑑(𝑥௡, 𝑥௡ିଵ)]ଶ

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ଷ

𝑑(𝑥௡, 𝑥௡ାଵ)𝑑(𝑥௡ିଵ, 𝑥௡)

𝑑(𝑥௡, 𝑥௡ିଵ)
 

+𝛼ସ[𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑑(𝑥௡ିଵ, 𝑥௡) 
+𝛼ହ[𝑑(𝑥௡ିଵ, 𝑥௡ାଵ) + 𝑑(𝑥௡, 𝑥௡)] +𝛼଺[𝑑(𝑥௡, 𝑥௡ିଵ)] + 𝐿 min{ 𝑑(𝑥௡ , 𝑥௡) , 𝑑(𝑥௡ିଵ, 𝑥௡ାଵ)} 
= (𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺)𝑑(𝑥௡, 𝑥௡ିଵ) + (𝛼ସ + 𝛼ହ) 𝑑(𝑥௡, 𝑥௡ାଵ) 

𝑑(𝑥௡ାଵ, 𝑥௡)  ≤
𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺

1 − 𝛼ସ − 𝛼ହ

𝑑(𝑥௡, 𝑥௡ିଵ) 

𝑊ℎ𝑒𝑟𝑒 𝑘 =
𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺

1 − 𝛼ସ − 𝛼ହ

< 1 

 
𝑆𝑖𝑛𝑐𝑒 𝛼ଵ +  2𝛼ଶ + 2𝛼ଷ + 2𝛼ସ + 𝛼ହ + 𝛼଺ < 1 
… … … … … … … … … … … … …. 
… … … … … … … … … … … … …. 
 
𝑑(𝑥௡ାଵ, 𝑥௡) ≤  𝑘௡𝑑(𝑥ଵ, 𝑥଴) 
𝐵𝑦 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑚 ≥ 𝑛.  
𝑑(𝑥௡, 𝑥௠) ≤  𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) +  … … … … … … + 𝑑(𝑥௠ିଵ, 𝑥௠)   
≤ (𝑘௡ + 𝑘௡ାଵ + … … … . + 𝑘௠ିଵ)𝑑(𝑥ଵ, 𝑥଴) 

𝑑(𝑥௡, 𝑥௠) ≤
௞೙

ଵି௞
𝑑(𝑥ଵ, 𝑥଴)   

Now   ║𝑑(𝑥௡, 𝑥௠)║ ≤ 𝑀
௞೙

ଵି௞
 ║𝑑(𝑥ଵ , 𝑥଴)║ 

→ 0 𝑖𝑓 𝑛, 𝑚 → ∞ 
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𝑆𝑜 𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 {𝑥௡} 𝑖𝑠 𝑎 𝑐𝑎𝑢𝑐ℎ𝑦 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑛 𝑋,
𝑠𝑜 𝑏𝑦  𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑜𝑓 𝑋  𝑡ℎ𝑖𝑠  𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  𝑚𝑢𝑠𝑡 𝑏𝑒  𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡  𝑖𝑛 𝑋 .  𝑁𝑜𝑤  𝑤  𝑖𝑠  𝑎𝑛𝑜𝑡ℎ𝑒𝑟  𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑋  
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤 , 𝑥௡ାଵ) +  𝑑(𝑥௡ାଵ , 𝑇𝑤)  
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤 , 𝑥௡ାଵ) +  𝑑( 𝑇𝑥௡, 𝑇𝑤)   

≤ 𝑑(𝑤, 𝑥௡ାଵ) + 𝛼ଵ

𝑑(𝑥௡, 𝑇𝑤)𝑑(𝑤, 𝑇𝑤) + [𝑑(𝑥௡, 𝑤)]ଶ

𝑑(𝑥௡, 𝑤)
 

+𝛼ଶ

𝑑(𝑥௡, 𝑇𝑥௡)𝑑(𝑥௡, 𝑇𝑤) + [𝑑(𝑥௡, 𝑤)]ଶ

𝑑(𝑥௡, 𝑤)
 

+𝛼ଷ

𝑑(𝑥௡, 𝑇𝑥௡)𝑑(𝑤, 𝑇𝑤)

𝑑(𝑥௡, 𝑤)
+ 𝛼ସ[𝑑(𝑥௡, 𝑇𝑥௡) + 𝑑(𝑤, 𝑇𝑤)] 

+𝛼ହ[𝑑(𝑤, 𝑇𝑥௡) + 𝑑(𝑥௡, 𝑇𝑤)] + 𝛼଺[𝑑(𝑥௡, 𝑤)] +  𝐿 min {𝑑(𝑥௡, 𝑇𝑤), 𝑑(𝑤, 𝑇𝑥௡)}     
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤, 𝑥௡ାଵ) + 𝛼ଵ𝑑(𝑥௡, 𝑤) + 𝛼ଶ[𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑑(𝑥௡, 𝑤)] + 𝛼ସ[𝑑(𝑥௡, 𝑥௡ାଵ)] 

+𝛼ହ[𝑑(𝑤, 𝑥௡ାଵ) + 𝑑(𝑥௡, 𝑤)] + 𝛼଺[𝑑(𝑥௡, 𝑤)] +  𝐿 min {𝑑(𝑥௡, 𝑤), 𝑑(𝑤, 𝑥௡ାଵ)}  
  𝑠𝑜 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒  𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  𝑜𝑓  𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦  𝑜𝑓  𝑐𝑜𝑛𝑒  
║𝑑(𝑤, 𝑇𝑤)║ ≤

𝑀 ( ║𝑑(𝑤, 𝑥௡ାଵ)║ + 𝛼ଵ║𝑑(𝑥௡, 𝑤)║ + 𝛼ଶ[║𝑑(𝑥௡, 𝑥௡ାଵ)║+ ║𝑑(𝑥௡, 𝑤)║] + 𝛼ସൣ║𝑑(𝑥௡, 𝑥௡ାଵ)║൧ 
+𝛼ହൣ║𝑑(𝑤, 𝑥௡ାଵ)║ + ║𝑑(𝑥௡, 𝑤)║൧ + 𝛼଺ൣ║𝑑(𝑥௡, 𝑤)║൧ +  𝐿 min {║𝑑(𝑥௡, 𝑤), 𝑑(𝑤, 𝑥௡ାଵ)║} )  
As  𝑛 → 0 , 𝑤𝑒 ℎ𝑎𝑣𝑒    

║𝑑(𝑤, 𝑇𝑤)║  ≤   0 .   𝐻𝑒𝑛𝑐𝑒  𝑤 =   𝑇𝑤, 𝑤  𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑  𝑝𝑜𝑖𝑛𝑡  𝑜𝑓  𝑇.  
 
Theorem 3.2: Let (𝑋, 𝑑) 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑐𝑜𝑛𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝐾 𝑏𝑒 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑒 𝑤𝑖𝑡ℎ 
𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  𝑀 .  𝐿𝑒𝑡  𝑆, 𝑇 ∶ 𝑋 → 𝑋  𝑏𝑒 𝑎 
 𝑑(𝑆𝑥, 𝑇𝑦) 

≤ 𝛼ଵ
ௗ(௫,்௬)ௗ(௬,்௬)ା[ௗ(௫,௬)]మ

ௗ(௫,௬)
  

+𝛼ଶ

𝑑(𝑥, 𝑆𝑥)𝑑(𝑥, 𝑇𝑦) + [𝑑(𝑥, 𝑦)]ଶ

𝑑(𝑥, 𝑦)
 

+𝛼ଷ

𝑑(𝑥, 𝑆𝑥)𝑑(𝑦, 𝑇𝑦)

𝑑(𝑥, 𝑦)
+ 𝛼ସ[𝑑(𝑥, 𝑆𝑥) + 𝑑(𝑦, 𝑇𝑦)] 

+𝛼ହ[𝑑(𝑦, 𝑆𝑥) + 𝑑(𝑥, 𝑇𝑦)] + 𝛼଺[𝑑(𝑥, 𝑦)]  +  𝐿 min{ 𝑑(𝑥, 𝑆𝑥), 𝑑 (𝑥 , 𝑇𝑦), 𝑑(𝑦, 𝑆𝑥)}.  ............. (3.1.a) 
for all 𝑥, 𝑦 ∈ 𝑋, 𝑤ℎ𝑒𝑟𝑒 𝐿 ≥ 0  𝑎𝑛𝑑  𝑥 ≠ 𝑦 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 
𝛼ଵ, 𝛼ଶ, 𝛼ଷ, 𝛼ସ, 𝛼ହ, 𝛼଺ ∈ [0,1) 𝑤𝑖𝑡ℎ 
𝛼ଵ +  2𝛼ଶ + 2𝛼ଷ + 2𝛼ସ + 𝛼ହ + 𝛼଺ < 1. 𝑇ℎ𝑒𝑛  𝑆, 𝑇 𝑏𝑒 𝑎  𝑢𝑛𝑖𝑞𝑢𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑋. 
Proof: Let 𝑋଴ be an arbitrary point in X.  
𝐶ℎ𝑜𝑜𝑠𝑒  𝑥଴  ∈ 𝑋  , 𝑆𝑒𝑡  𝑥ଶ  = 𝑆𝑥ଵ  , 𝑥ଵ  = 𝑇𝑥଴  
𝑠. 𝑡.   𝑥ଶ௡ାଶ = 𝑆𝑥ଶ௡ାଵ       𝑎𝑛𝑑  𝑥ଶ௡ାଵ  =   𝑇𝑥ଶ௡ 

𝑑(𝑥ଶ௡ାଶ, 𝑥ଶ௡ାଵ) = 𝑑(𝑆𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡)  

≤ 𝛼ଵ

𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡)𝑑(𝑥ଶ௡, 𝑇𝑥ଶ௡) + [𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)
 

+𝛼ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑆𝑥ଶ௡ାଵ)𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡) + [𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)
 

+𝛼ଷ
ௗ(௫మ೙శభ,ௌ௫మ೙శభ)ௗ(௫మ೙,்௫మ೙)

ௗ(௫మ೙శభ,௫మ೙)
+ 𝛼ସ[𝑑(𝑥ଶ௡ାଵ, 𝑆𝑥ଶ௡ାଵ) + 𝑑(𝑥ଶ௡, 𝑇𝑥ଶ௡) + 𝛼ହ[𝑑(𝑥ଶ௡, 𝑆𝑥ଶ௡ାଵ) + 𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡)] +

𝛼଺[𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)] + 𝐿 min{ 𝑑(𝑥ଶ௡ାଵ, 𝑆𝑥ଶ௡ାଵ), 𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡), 𝑑( 𝑥ଶ௡ , 𝑆𝑥ଶ௡ାଵ)} 
 

= 𝛼ଵ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଵ)𝑑(𝑥ଶ௡, 𝑥ଶ௡ାଵ) + [𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)
 

+𝛼ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ)𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଵ) + [𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)
 

+𝛼ଷ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ)𝑑(𝑥ଶ௡, 𝑥ଶ௡ାଵ)

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)
 

+𝛼ସ[𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ) + 𝑑(𝑥ଶ௡, 𝑥ଶ௡ାଵ) 
+𝛼ହ[𝑑(𝑥ଶ௡, 𝑥ଶ௡ାଶ) + 𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଵ)] + 𝛼଺[𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡)]+  
+ 𝐿 min{ 𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ), 𝑑(𝑥ଶ௡ାଵ , 𝑥ଶ௡ାଵ) , 𝑑(𝑥ଶ௡, 𝑥ଶ௡ାଶ)} 



 
Mathematical Sciences International Research Journal Volume 7 Issue 2               ISSN 2278-8697 

 

 
Journal Published by IMRF Journals - Sep 2018                                                                       |    4  
 

= (𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺)𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡) + (𝛼ସ + 𝛼ହ) 𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ) 

𝑑(𝑥ଶ௡ାଶ, 𝑥ଶ௡ାଵ)  ≤
𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺

1 − 𝛼ସ − 𝛼ହ

𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡) 

𝑊ℎ𝑒𝑟𝑒 𝑘 =
𝛼ଵ +  𝛼ଶ + 𝛼ଷ + 𝛼ସ + 𝛼ହ + 𝛼଺

1 − 𝛼ସ − 𝛼ହ

< 1 

 
𝑆𝑖𝑛𝑐𝑒 𝛼ଵ +  2𝛼ଶ + 2𝛼ଷ + 2𝛼ସ + 𝛼ହ + 𝛼଺ < 1 
… … … … … … … … … … … … …. 
… … … … … … … … … … … … …. 
 
𝐵𝑦 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑚 ≥ 𝑛.  
𝑑(𝑥௡, 𝑥௠) ≤  𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) +  … … … … … … + 𝑑(𝑥௠ିଵ, 𝑥௠)   
≤ (𝑘௡ + 𝑘௡ାଵ + … … … . + 𝑘௡ା௠ିଵ)𝑑(𝑥ଵ, 𝑥଴) 

𝑑(𝑥௡, 𝑥௠) ≤
௞೙

ଵି௞
𝑑(𝑥ଵ, 𝑥଴)   

Now   ║𝑑(𝑥௡, 𝑥௠)║ ≤ 𝑀
௞೙

ଵି௞
 ║𝑑(𝑥ଵ , 𝑥଴)║ 

→ 0 𝑖𝑓 𝑛, 𝑚 → ∞ 
𝑆𝑜 𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 {𝑥௡} 𝑖𝑠 𝑎 𝑐𝑎𝑢𝑐ℎ𝑦 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑛 𝑋,
𝑠𝑜 𝑏𝑦  𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑜𝑓 𝑋  𝑡ℎ𝑖𝑠  𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  𝑚𝑢𝑠𝑡 𝑏𝑒  𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡  𝑖𝑛 𝑋 .  𝑁𝑜𝑤  𝑤  𝑖𝑠  𝑎𝑛𝑜𝑡ℎ𝑒𝑟  𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑋  
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤 , 𝑥ଶ௡ାଶ) +  𝑑(𝑥ଶ௡ାଶ , 𝑇𝑤)  
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤 , 𝑥ଶ௡ାଶ) +  𝑑( 𝑇𝑥ଶ௡ାଵ, 𝑇𝑤)   

≤ 𝑑(𝑤, 𝑥ଶ௡ାଶ) + 𝛼ଵ

𝑑(𝑥ଶ௡ାଵ, 𝑇𝑤)𝑑(𝑤, 𝑇𝑤) + [𝑑(𝑥ଶ௡ାଵ, 𝑤)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑤)
 

+𝛼ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡ାଵ)𝑑(𝑥ଶ௡ାଵ, 𝑇𝑤) + [𝑑(𝑥ଶ௡ାଵ, 𝑤)]ଶ

𝑑(𝑥ଶ௡ାଵ, 𝑤)
 

+𝛼ଷ

𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡ାଵ)𝑑(𝑤, 𝑇𝑤)

𝑑(𝑥ଶ௡ାଵ, 𝑤)
+ 𝛼ସ[𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡ାଵ) + 𝑑(𝑤, 𝑇𝑤)] 

+𝛼ହ[𝑑(𝑤, 𝑇𝑥ଶ௡ାଵ) + 𝑑(𝑥ଶ௡ାଵ, 𝑇𝑤)] + 𝛼଺[𝑑(𝑥ଶ௡ାଵ, 𝑤)] +
 𝐿 min {𝑑(𝑥ଶ௡ାଵ, 𝑇𝑥ଶ௡ାଵ), 𝑑(𝑥ଶ௡ାଵ, 𝑇𝑤), 𝑑(𝑤, 𝑇𝑥ଶ௡ାଵ)}     
𝑑(𝑤, 𝑇𝑤) ≤ 𝑑(𝑤, 𝑥ଶ௡ାଶ) + 𝛼ଵ𝑑(𝑥ଶ௡ାଵ, 𝑤) + 𝛼ଶ[𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ) + 𝑑(𝑥ଶ௡ାଵ, 𝑤)] + 𝛼ସ[𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ)] +
𝛼ହ[𝑑(𝑤, 𝑥ଶ௡ାଶ) + 𝑑(𝑥ଶ௡ାଵ, 𝑤)] + 𝛼଺[𝑑(𝑥ଶ௡ାଵ, 𝑤)] +  𝐿 min {𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ), 𝑑(𝑥ଶ௡ାଵ, 𝑤), 𝑑(𝑤, 𝑥ଶ௡ାଶ)}  
  𝑠𝑜 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒  𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  𝑜𝑓  𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦  𝑜𝑓  𝑐𝑜𝑛𝑒  
║𝑑(𝑤, 𝑇𝑤)║ ≤ 𝑀 ( ║𝑑(𝑤, 𝑥ଶ௡ାଶ)║ + 𝛼ଵ║𝑑(𝑥ଶ௡ାଵ, 𝑤)║ + 𝛼ଶ[║𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ)║+ ║𝑑(𝑥ଶ௡ାଵ, 𝑤)║] +

𝛼ସൣ║𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ)║൧ 
+𝛼ହൣ║𝑑(𝑤, 𝑥ଶ௡ାଶ)║ + ║𝑑(𝑥ଶ௡ାଵ, 𝑤)║൧ + 𝛼଺ൣ║𝑑(𝑥ଶ௡ାଵ, 𝑤)║൧ +

 𝐿 min {║𝑑(𝑥ଶ௡ାଵ, 𝑥ଶ௡ାଶ), 𝑑(𝑥ଶ௡ାଵ, 𝑤), 𝑑(𝑤, 𝑥ଶ௡ାଶ)║} )  
As  𝑛 → 0 , 𝑤𝑒 ℎ𝑎𝑣𝑒    

║𝑑(𝑤, 𝑇𝑤)║  ≤   0 .   𝐻𝑒𝑛𝑐𝑒  𝑤 =   𝑇𝑤, &  𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦   𝑤 = 𝑆𝑤  . 
𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  𝑤  𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑  𝑝𝑜𝑖𝑛𝑡  𝑜𝑓  𝑆 &  𝑇.   
 
References: 
 
1. Abbas M. and Rhoades B. E., fixed and periodic point result in cone metric space, applied 

mathematics Letters 22 (4), 511—515,( 2009.) 
2. Bajaj N., some map on unique common fixed points, Indian J. Pure Appl. Math’s 15 (8), 843—848, 

(1984). 
3. Banach S., Surles operation dans les ensembles abstracts et leur application aux equation  integrals, 

fund.  Math., 3, 133—181,(1922)  
4. Bhardwaj R. K., Rajput S. S., and Yadava R. N., Application of fixed point theory in metric        space, 

Thai Journal of Mathematics, 5 , 253—259. (2007), 
5. Ciric L. B., A generalization of Banach contraction principle, Proc. Amer. Math. Soc 25 , 267—273. 

(1974),  
6. Dubey R. P. and Pathak H. K., Common Fixed Point of Mappings satisfying rational inequalities, 

pure & applied mathematika sciences, 31 , 155—161. (1990), 



 
Mathematical Sciences International Research Journal Volume 7 Issue 2               ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Refereed) International Journal - SE Impact Factor 2.73            |    5  
 

7. Fisher B., A fixed point theorem for compact metric space, Publ. Inst. Math. 25 , 193—194.    
8. Fisher B. common fixed points and constant mappings satisfying rational inequality Math. Sem. 

Notes (Uni. Robe) 1978. 
9. Fisher  B. and Khan M. S., fixed points, common fixed point and constant mappings studying Sci 

Maths Hunger, 11 , 467—470. (1978) 
10. G. Emmanuell, Fixed point theorems in complete metric space, nonlinear analysis theory method & 

application, Vol. 5, No. 3 , 287—292.(1981). 
11. Imdad M. and Khan Q. H., A common fixed point theorem for six mapping satisfying a rational 

inequality, Indian J. of Mathematics 44 , 47—57. (2002), 
12. Jaggi D. S., some unique fixed point theorems, I. J. P. Appl.,  8 ,223—230. (1977), 
13. Kannan R., some result on fixed point theorem, Bull Calcutta Math. Soc. 60 , 71—78. (1969), 
14. Reich S., some remarks concerning contraction mapping, Canada Math. Bull 14 , 121—124.  (1971),  
15. Rani D and Chugh R., some fixed point theorems on co ntractive mappings, Pure and Applied 

Mathematika Science, 41 , 153—157. (1990), 
16. Solanki Manoj , Bhardwaj Ramakant, Bohare Arvind , “ Some unique  fixed  point  theorem  For 

rational expression in complete metric space ”, proceeding of the international conference  
17. On Mathematical Science, July 2014, Organized by Sathyabama University, Chennai, in   association 

with University of Central Florida & IMSc, Chennai, Published  by Elsevier, AN019, P. 121-124.(2014)  
18. Singh S. L., Hematulin A., and Pant R., New coincidence and common fixed point theorem App. 

Gen. Topology Vol. 10 No. 1 , 121—130. (2009), 
19. Uthaykumar R.,Prabhakar G.A. “Common fixed point theorem in cone metric space  for  rational 

contraction” , Int J. of analysis application ,vol. 3,  pp 112-118, (2013) . 
20. Yadava R. N., Rajput S. S., & Bhardwaj R. K., Some fixed point theorems for extension of Banach 

Contraction Principle, Acta Ciencia Indica, 33 (2) , 461—466. (2007), 
 
 

 
***  

 
  


