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Abstract: Let G=(V,E) be an undirected finite simple graph with  and . A 
vertex magic graceful labeling is a bijection  such that 

 a constant for any vertex u of G. G is said to be super vertex magic graceful if the set 

of its edge labels is . In this paper, we find some properties of super vertex magic 
graceful labeling. With the use of these properties, we prove some nanostructures and trees are not super 
vertex magic graceful. 
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1. Introduction: We consider a graph  to be a non-trivial simple undirected graph which has the vertex 
set with  and the edge set with . A labeling for a graph refers to assignment of 
numbers to some set of elements of it. With Rosa’s [4] introduction of labeling as -valuation, this area 
gets grow into most thirsty area for researchers. We refer to the dynamic survey of Gailian [1] for the types 
of labelings. 
 
Let  be the number of edges incident on  and the set of edges incident on  constitutes , 
called the neighbourhood of . A bijection  is a vertex magic graceful 
labeling of  if there is a constant  so that for every vertex  the weight 

 The fixed integer  is called the magic constant of . A graph  is called vertex magic 

graceful if  admits a vertex magic graceful labeling. 
 
From a vertex label, removal of sum of labels of all the incident edges is similar to removal of role of a 
vertex from network. The vertex deletion process is not much entertained in Network analysis 
comparatively to the edge deletion process. If we view the deleted vertex as a cut vertex of a network, it 
has great impact. Cut vertex represent vulnerabilities in a connected components. They are useful for 
designing reliable networks. For a disconnected undirected graph, a cut vertex is a vertex removing which 
increases number of connected components. In Wireless Sensor Networks(WSNs), a cut vertex is defined 
as a sensor node whose removal breaks network connectivity. Failures of such sensor nodes make a 
network disconnected and block data transmission, hence it is vital to detect cut vertices in WSNs. 
Optimization strategies relying on cut vertices help to reduce communication costs [5].This need motivate 
us to define a super vertex magic graceful labeling. In this paper, we give the definition for a super vertex 
magic gracefulness. In section2, we realize some properties of super vertex magic graceful labeling. In 
section 3, we prove some trees and nanostructures are not super vertex magic graceful. 
 
2. Properties: The vertex magic graceful and so super vertex magic graceful labeling are the main focus 
in this section. 
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Definition 2.1: A vertex magic graceful labeling of a graph  is a bijection from  to the set of 
integers  such that for any vertex u,  where  is called the 

weight  of the vertex . 
 
Definition 2.2. A vertex magic graceful labeling of a graph  is super vertex magic graceful if the set of 
edge labels is . A graph which admits such a labeling is called as a super vertex magic graceful 
graph. 
 
Example 2.3. A super vertex magic graceful graph depicted in Figure 1.  
 

 
Figure 1: Super vertex magic graceful graph with the magic constant  

 
Theorem 2.4: Let  be a graph and  is a bijection.Then  can be extended to super 

vertex magic graceful labeling of  if and only if the set  consists of  

consecutive integers if any one of the following conditions hold.   
(i)  for all   

(ii)   for all   

Proof:  Let  be a bijection such that the set  consists of  

consecutive integers. Let . Define  by 

 and  for all  And 

 for all . Since 

  
As  consists of  consecutive integers, let  so 

  
Thus  

 
 
  

Therefore  is a super vertex magic graceful labeling with magic constant  and hence  is super 
vertex magic graceful graph.  
 
Suppose  can be extended to super vertex magic graceful labeling  of  with magic constant . Now let 

.Since for every  , , we have 
.Thus, .  

When ,  

 

 
When ,  

 

 
In all cases,  consists of  consecutive integers.  
 
The next argument gives a closed form for the value of the magic constant . 
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Lemma 2.5: If a non-trivial graph  is super vertex magic graceful labeling with magic constant , then 

the magic constant is given by . 

Proof: Since  is super vertex magic graceful, at each . Summing up this on 

all vertices, 

. 

Dividing by   

 
In the following theorem, we find the lower bound for the maximum degree  of super vertex magic 
graceful graphs.  
 

Theorem 2.6: For any super vertex magic graceful graph with  edges and magic constant , 

. 

Proof. Let  with degree . The magic constant  for 

 Since  by lemma 1, , which implies 

.  

Hence .  

Thus . 

 
Theorem 2.7: If  has a super vertex magic graceful labeling, then  divides  if  is odd and  
divides  if  is even. 

Proof. Since  is super vertex magic graceful, at each , when ,

 and it will be negative ,when . From this result,  will be a integer when  

divides  if  is odd and when  divides  if  is even . 
 
Theorem 2.8: A graph with even  and  or  is not super vertex magic graceful. 
Proof: The result is obvious from k value.  
 
Theorem 2.9: If a graph G can have a decomposition of two super vertex magic graceful spanning sub 
graphs, and one of its decomposition is regular, then G is super vertex magic graceful. 

Proof: Let be such spanning sub graphs ,  being regular. Then  

and  forms  consecutive integers,  being respective super vertex 

magic graceful labeling. For edges of ,which are belonging to  as its  label and the labels of the edges 
of  which are belonging to  as its  label added by number of edges of , the weight of any vertex 

+ number of 

edges of  +  number of edges of , where  being regularity 

of .Therefore  consists of  consecutive integers.  
 
An - connected graph  on  vertices and  edges [3] constructed with respect to the values 
on  and  as follows: 
Case 1:  even. Let . Then  is constructed with vertices  and two such vertices  

and  are adjacent if , addition is being taken on modulo . 
Case 2:  odd,  even. Let . Then  is drawn by adding edges connecting vertex  to 

vertex  for  in  

Case 3:  odd,  odd. By adding edges joining vertex  to vertices  and  and vertex  
to  for  in . 

We discuss the super vertex magic gracefulness of . 
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Theorem 2.10: ,is super vertex magic graceful in the following cases (i)  (ii)  is even and  is 

odd. 
Proof:  
Case(i): For ,  and 

. 
Define  as follows:  

  

. 
And for ,  

  

  

. 
The above labeling makes  as super vertex magic graceful with magic constant . 
 
Case (ii):  is even and  is odd. 

 can be decomposed into  and . Further  into  and . Continuing in this way, 
we have  and  as its spanning sub graphs. Both are super vertex magic graceful. Applying theorem 
2.9 successively,  is super vertex magic graceful graph.  

  
The following two results were applicable only for  with  

 
Theorem 2.11: Let  be a regular graph with super vertex magic gracefulness in which 1 is assigned to 
some edge  . Then  admits super vertex magic graceful labeling. 
Proof: Let  be a regular graph with super vertex magic labeling  and . Define a 

new mapping  by  for all  and  for all . Now  is 
a one-to-one mapping from  to . Deleting the edge  from , then  is 
one-to-one mapping from  to . At , 

. Thus  is a super vertex magic grace labeling for  

with magic constant . 
 
 

Theorem 2.12: If  is regular and  is super vertex magic graceful graph, then  is also super vertex 
magic graceful. 
Proof: Let  be the super vertex magic graceful labeling for , where  is the edge . Join them and 
define . By adding 1 to all the labels, new labeling can be easily found as super vertex magic 
graceful labeling for  with magic constant  where  is the magic constant of . 

 
3. Some Classes Graphs Which Are Not Super Vertex Magic Graceful: The magic constant achieved in 
the previous section plays a role to prove the non-existence of super vertex magic gracefulness in some 
classes of graphs adopted from the papers[2, 6] 
 
Definition 3.1: The graph  is the -vertex star. Its vertex of degree  is said to be the centre of    

· For  the tree  is obtained by attaching a pendent vertex to a pendent vertex of .  

· For  the tree  is obtained by connecting the central vertices of  and .  
 
Theorem 3.2: The graph  is not super vertex magic graceful. 
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Proof: Let  be a tree on  vertices. The number of vertices  and the number of edges  

Then  an integer if  is odd. Suppose there exists a super vertex magic graceful 

labeling for . Letting that the incident edges of centre vertex receives the minimum labels 1 to , 

then the sum of the edge labels at centre vertex will be . The vertex label at the centre vertex will 

be greater than or equal to . Hence , which is a contradiction to 

the magic constant. Therefore  is not super vertex magic graceful.  
 
Theorem 3.3: The tree  is not super vertex magic graceful. 
Proof: From the definition of ,  and . By the similar argument to theorem 3.2, we can 
prove that  is not a super vertex magic graceful graph. 

 
We refer [5] for the nanostructures used in this section. 2D-lattice, nanotube and nanotorus of 

 are graphs where  and  denote the number of squares in a row and the number of rows of 
squares.We consider a subdivision of 2D-lattice,nanotube and nanotorus of  and a line graph 
of the subdivision graph of 2D-lattice,nanotube and nanotorus of  The images depicted in 
Fig:2,3 and 4 are examples of the above said graphs with  
 

 
Fig: 2 

 

 
Fig: 3 

 
Fig: 4 
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Theorem 3.4: A subdivision of 2D-lattice, nanotube and nanotorus of  are not super vertex 
magic graceful graphs. 
Proof: The subdivision graph of 2D-lattice of  has  vertices and  

edges. For these values  is not an 

integer. The subdivision graph of nanotube of  has  vertices and  edges. 

For these values  is not an integer. The 

subdivision graph of nanotube of  has  vertices and  edges. For these values , 

 is not an integer. Therefore , by lemma 1, these graphs 

are not super vertex magic graceful graphs.  
 
Theorem 3.5: A line graph of subdivision of 2D-lattice,nanotube and nanotorus of  are not 
super vertex magic graceful graphs. 
Proof: The line graph of subdivision graph of 2D-lattice of  has  vertices and 

 edges. The line graph of subdivision graph of nanotube of  has  
vertices and  edges.The line graph of subdivision graph of nanotorus of  has 

 vertices and  edges.For these values  is not an integer.Therefore, by lemma 

1, these graphs are not super vertex magic graceful graphs.  
 

4.Conclusion and Scope: We introduced super vertex magic graceful graphs. Some of their properties 
have been studied and used to determine whether the given graph is super vertex magic graceful or 
not.With this new lableling, many results can be obtained in future studies. 
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