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Introduction: Fixed point theory is one of the most popular tool in nonlinear analysis. Most of the 
generalizations for metric fixed point theorems usually start from Banach contraction principle [4]. It is 
not easy to point out all the generalizations of this principle. In 1989, Bakhtin [3] introduced the concept 
of a b-metric space as a generalization of metric spaces. In 1993, Czerwik [7-8] extended many results 
related to the b-metric spaces. In 1994, Matthews [19] introduced the concept of partial metric space in 
which the self-distance of any point of space may not be zero. In 1996, O'Neill generalized the concept of 
partial metric space by admitting negative distances. In 2013, Shukla [24] generalized both the concept 
of b-metric and partial metric spaces by introducing the partial b-metric spaces. In 1984, Wang et.al [25] 
introduced the concept of expanding mappings and proved some fixed point theorems in complete 
metric spaces. For more details on expanding mapping and related results we refer the reader to [10, 12-
13, 22, 26-27].  
 
In this paper, we prove some fixed point theorems for surjective mappings satisfying various expansive 
type conditions in the setting of a partial b-metric space.  The presented theorems extend, generalize 
and improve many existing results in the literature. 
 

Preliminaries: Throughout this paper    and   will represents the set of real numbers and 
nonnegative real numbers, respectively. The following definitions are required in the sequel. 
 

Definition 2.1: (see [3]) Let  be a nonempty set,  be a given real number and  

be a function. We say  is a b-metric on  if and only if for all  the following conditions are 
satisfied: 

       (b1)   if and only if ; 

       (b2) ; 

       (b3) . 

A triplet  is called a b-metric space. Obviously, for , b-metric reduces to metric. 

Definition 2.2: (see [19]) Let  be a nonempty set, and  be a function. We say  is a 

partial metric on  if and only if for all  the following conditions are satisfied: 
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       (p1)  if and only if ; 

       (p2)  ; 

       (p3) ; 

       (p4)  

The pair  is called a partial metric space.  
 
Remark 2.3: It is clear that the partial metric space need not be a b-metric spaces, since in a partial 

metric space if  implies  then . But in a partial metric 

space if  then  may not be equal zero. Therefore the partial metric 
space may not be a b-metric space.  
On the other hand, Shukla [24] introduced the notion of a partial b-metric space as follows: 
 

Definition 2.4: (see [24]) Let  be a nonempty set,  be a given real number and 

 be a function. We say  is a partial b-metric on  if and only if for all  the following 
conditions are satisfied: 

(pb1)  if and only if ; 

(pb2) ; 

(pb3) ; 

(pb4)  

A triplet  is called a partial b-metric space. Obviously, for , partial b-metric reduces to 
partial metric. 
 

Remark 2.5: The class of partial b-metric space  is effectively larger than the class of partial 

metric space, since a partial metric space is a special case of a partial b-metric space  when .  
 

Example 2.6: [21] Let  Define a function  such that 

 Then  is a partial b-metric space on  with the coefficient 

. But,  is neither a b-metric nor a partial metric on . 
 

Proposition 2.7: [24] Let  be a nonempty set, and let  be a partial metric and  be a b-metric with 

the coefficient  on . Then the function  defined by 

, is a partial b-metric on  with the coefficient . 
 

Proposition 2.8: [24] Let  be a partial metric space and . Then  is a partial b-metric 

space with coefficient , where  is defined by . 
 

On the other hand, Mustafa [21] modify the Definition 2.4 in order that each partial b-metric  

generates a b-metric  as follows: 

 

Definition 2.9: (see [21]) Let  be a nonempty set,  be a given real number and 

 be a function. We say  is a partial b-metric on  if and only if for all  the following 
conditions are satisfied: 

(pb1)  if and only if ; 

(pb2) ; 

(pb3) ; 

(pb4)  

The pair  is called a partial b-metric space. The number  is called the coefficient of . 
 

Example 2.10: (see also [21]) Let  is the set of real numbers. Consider the metric space 

where  is the Euclidean distance metric d . Define 
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. Then  is a partial b-metric on  with , but it is not a partial metric on 

. To see this, Let  and . Then 

                   

So,  is not a b-metric since . 
 

Proposition 2.11: (see [21]) Every partial b-metric  defines a b-metric  , where 

                . 

 

Definition 2.12 (see [21]) A sequence   in a partial b-metric space  is said to be: 

1. -convergent to a point  , written as ;. 

2. a -Cauchy sequence if  exists (and is finite); 

Definition 2.13: (see [21]) A partial b-metric space  is said to be -complete if every -Cauchy 

sequence in  -converges to a point  such that 

 

 

Lemma 2.14: (see [21]) A sequence  is a -Cauchy sequence in a partial b-metric space  

if and only if it is a b-Cauchy sequence in the b-metric space . 

 

Lemma 2.15: (see [21]) A partial b-metric space  is -complete if and only if the b-metric space 

 is b-complete. Moreover,  if and only if 

 

 
Main Result: In this section, we prove some fixed point theorems satisfying expansive condition by 
considering surjective self-mappings in the context of partial b-metric space. 
We begin with a simple but a useful Lemma. 
 

Lemma 3.1: Let  be a sequence in a partial b-metric space  with the coefficient  
such that  

(3.1)                                   

where  and  Then  is a -Cauchy sequence in  

Proof: By the simple induction with the condition (3.1), we have 

(3.2)        

On the other hand, since   
then from (3.2), we have 

(3.3)                
Therefore 

(3.4)             

                    

This show that . Now we have 

(3.5)    

                                    

                                    

                                    

                                    

                                    

                                   . 

Note that . This show that  is a -Cauchy sequence in b-metric space  then from 

Lemma 2.14,  is a -Cauchy sequence in partial b-metric space . 
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Theorem 3.2: Let  be a -complete partial b-metric space with the coefficient . Assume 

that  is surjection and satisfies 

(3.6)                                     

  where  Then  has a unique fixed point in . 

Proof: Let  since  is surjection, then there exists  such that . By continuing this 
process, we get 

(3.7)                               

In case  for some then it is clear that  is a fixed point of . Without loss of 

generality, we assume that   for all . Consider, 

(3.8)                                
Now by (3.7) and definition of the sequence  

                          
and so             

(3.9)                 

where  . Then by Lemma.3.1,   is a -Cauchy sequence in . Since  is a -

complete, then from Lemma 2.15,  is b-complete and so the sequence   is b-converges in 

the b-metric space , that is there exists  such that  . Again 

from Lemma 2.15, we have 

(3.10)                  

Moreover, since  is a b-Cauchy sequence in the b-metric space , 

.  

On the other hand, since 

                                ,  
then by the simple induction with (3.9), we have 

(3.11)                 

Hence, we have . Thus from the definition of  we have 

                                             .  

Therefore, from (3.10), we have  . Since  

is surjection on , there exists  such that  From (3.6), we have  

(3.12)                           

Taking limit as  in the above inequality, we get . This implies that 

.  

Also from (3.6), we have   and so . Thus 

 implies that . Hence  is a fixed point of . Finally, 

assume  is also another fixed point of . From (3.6), we get 

(3.13)                         

This is true only when  Also . So  Hence  has a 

unique fixed point in .  
 

Corollary 3.3 Let  be a -complete partial b-metric space with the coefficient . and 

 be a surjection. Suppose that there exist a positive integer   and a constant  such that 

(3.14)                                     

. Then  has a unique fixed point in . 

Proof: From Theorem 3.2,  has a unique fixed point . But . So  is 

also a fixed point of . Hence ,  is a fixed point of . Since the fixed point of  is also fixed 

point of , the fixed point of  is unique. 
 

Theorem 3.4 Let  be a -complete partial b-metric space with the coefficient  and 

 is surjection. Suppose that  with  such that 
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(3.15)                           

  Then  has a fixed point. 

Proof: Let . Similar to the proof of Theorem 3.2, we can obtain a sequence  such that  

(3.16)                               

In case  for some then it is clear that  is a fixed point of . Without loss of 

generality, we assume that   for all . Consider, 

(3.17)                                
Now by (3.15) and definition of the sequence 

                                 

                                                       

                                                   

and so      

If , then . The above inequality implies that a negative number is greater than or equal 

to zero. That is impossible. So,  and . Therefore, 

(3.18)                                     

where  . Then by Lemma 3.1,   is a Cauchy sequence in . Since  is a -

complete, then from Lemma 2.14,  is b-complete and so the sequence   is b-converges in 

the b-metric space , that is there exists  such that  .  

Again from Lemma 2.15, we have 

(3.19)                  

Moreover, since  is a b-Cauchy sequence in the b-metric space , 

. On the other hand, since 

, then by the simple induction with (3.18), we have 

(3.20)                 

Hence, we have . Thus from the definition of  we have 

.Therefore, from (3.19), we have 

. Since  is surjection on , there exists  such that  From (3.15), 
we have  

(3.21)          

                                                                    

Taking limit as  in the above inequality, we get  . This 

implies that . Also from (3.15), we have  

                          

                                                     

and so . Thus  implies that . Hence  is a 

fixed point of . Finally, assume  is also another fixed point of . Then 

. From (3.15), we get 

(3.22)                 

                                                

This is true only when  Also . So  Hence  has a 

unique fixed point in . 
 

Example 3.7 Let  and let  It is obvious that  is a 

partial b-metric on  with  and  is complete. Also,  is not a partial metric on . 

Define  by 

                                                 

Also, clearly   is surjection on . That is  where  

The conditions of Theorem 3.2 are satisfied and  has a unique fixed point  
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