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Abstract: A single server Markovian queueing system with the system alternates between regular busy 
state, repair state and working vacation state has been considered. The system is busy; it functions as a 
single server Markovian queue. When it is on vacation, again it functions as a single server Markovian 
queue but with different arrival and service rates. The server goes on vacation at the instant when the 
system is either empty or the server itself breakdown. Whenever the system becomes empty, the server 
is turned off. As soon as the total number of arrivals in the queue reaches or exceeds N, the server is 
turned on. After serving the whole customer in the system, the server goes regular to vacation period. 
The vacation period follows negative exponential. In addition, during service the server may break 
down, the repair of the server starts immediately. The repair period follows negative exponential. The 
steady state probability vector of number of customers in the queue and the stability condition are 
obtained using Matrix-Geometric method. Some illustrative examples are also provided. 
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1. Introduction: In many real life queueing situations, it can be seen that the server leaves the system 
for a random period of time, if no customer in the queue after service completion, called vacation queue. 
Queueing systems with server vacations have been investigated by many researchers, the readers may 
refer the survey paper by Doshi (1986) and the monograph of Takagi (1991). Recent decads have seen an 
increasing interest in such a queueing systems due to their applications in telecommunication systems, 
manufacturing systems and computer systems. 
 
In day to day life, it can be seen that the server works during his vacation period, if the necessity occur, 
called working vacation queue. In the working vacation queues, the server works with variable service 
rate, in particular reduced service rate, rather than completely stops service during vacation period. 
Servi and Finn (2002) have first analyzed an queue with multiple working vacation, in which the 
vacation times are exponentially distributed. Wu and Takagi (2006) extend the work to an

queue. Kim et al. (2003) analyzed the queue length distribution of the queue with working 
vacations. Liu et al. (2007), examined stochastic decomposition structure of the queue length and 
waiting time in an  working vacation queue. Xu et al. (2009) extended the  working 
vacation queue to an  working vacation queue. Li et al. (2009) used the matrix analytic method 
to analyze an queue with exponential working vacation under a specific assumption. Lin and Ke 
(2009) consider a multi server queue with single working vacation. Jain and Jain (2010) investigated a 
single working vacation model with server break down. Ke et al. (2010) have given a short survey on 
vacation models in recent years. 
 
In many real life situations, it can be observed that the arrival of customers as service of a customer 
depends on current state of the system, that is, number of customers in the system, etc., Yechiali and 
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Naor (1971) have considered a single-server exponential queueing model with arrival state depending on 
operational state or breakdown state of the server. Fond and Ross(1977) analyzed the same model with 
the assumption that any arrival finding the server busy is lost, and they obtained the steady-state 
proportion of customer's lost. Shogan (1979) has deals a single server queueing model with arrival rate 
dependent on server state. Shanthikumar (1982) has analyzed a single server Poisson queue with arrival 
rate depending on the state of the server. Jayaraman et al. (1994) analyzed a general bulk service queue 
with arrival rate dependent on server breakdowns. Tian and Yue (2002) discussed the queueing system 
with variable arrival rate. The author studied the model by using the principle of quasi-birth and death 
process (QBD) and matrix-geometric method. Furthermore, they calculated some performance 
measures, such as the number of customers in the system in steady-state, etc., Matrix-geometric method 
approach is a useful tool for solving the more complex queueing problems. Matrix-geometric method 
has been applied by many researchers to solve various queueing problems in different frameworks. 
Neuts(1981) explained various matrix geometric solutions of stochastic models. Matrix-geometric 
approach is utilized to develop the computable explicit formula for the probability distributions of the 
queue length and other system characteristic. 
 
In practice, it can be seen that, the service channel is subject to breakdowns or some other kinds of 
service interruption, which are beyond control of the server and the management. Many researchers 
have contributed on queue with unreliable server [Li et al.(1997),Wang(1995,1997)]. Some more works 
on queue with breakdown are Wang et al. (1999) and Ke (2005). Grey et al.(2000) incorporated the 
server breakdown on vacation queuing model. Haridass and Arumuganathan (2008) studied 

queuing system with unreliable server and with single vacation. Choudhury and Deka (2012) 
investigated an unreliable server, Bernoulli vacation queue with two phases of service. 
Kalyanaraman and Nagarajan (2016), have analyzed  with vacation and unreliable server. 
Usually if the server break down the repair process starts immediately. It is quite natural that the server 
may have to wait for the repairs to start, this time is called delay time. In 2013, Choudhury and Deka 
(2013) studied a batch arrival unreliable server, Bernoulli vacation queue with two phases of service and 
delayed repair. Ke et al. (2012), analyzed  queuing system with an unreliable server and repair, in 
which the server operates with a randomized vacation policy with multiple available vacation. 
Kalyanaraman and Nagarajan (2017) analyzed a bulk arrival fixed batch service queue with unreliable 
server, compulsory vacation and delay time. 
 
The concept of N-Policy multiple vacations was first introduced by Yadin and Naor(1963) and later it 
was investigated by Lee, Srinivasan (1989) and Kella (1989) in queueing system. Optimal design and 
control of queues, N-Policy has received great attention. According to this policy the server remains 
ideal until the queue size becomes N. The queueing model with N-Policy has applications in flexible 
manufacturing system, service system, Computer and telecommunication system. Several orders have 
analyzed vacation queue with N-Policy. Some notable works are Lee (1991), Lee et.al. (1994), Lee et.al. 
(1995), Krishna Reddy et.al. (1994), Choudhry and Madan (2005). 
 
To the best of our knowledge, in the study of working vacation queue, the existing literatures focus 
mainly on queueing system with server state independent arrival rates, in this work we deviate from 
these work by assuming server state dependent arrival rates. 
 
In this paper, we consider an queue with multiple working vacation, N-Policy and with 
breakdown. The arrival rate dependents on the server states. The model has been analyzed using matrix 
geometric method. The rest of this paper is organized as follows: In section 2, we give the model 
description, establish its quasi-birth-death process. In section 3, we present the steady state solution 
using matrix geometric method. In section 4, we present some system performance measures. Section 5 
gives some particular models. and In section 6, we carried out a numerical study. 
 
2. The Model:  We consider a single-server queueing system with the following characteristics: 
1. The system alternate between two states, up state and down state. In the up state it is either in 

regular state or in working vacation state. In the down state it is in the repair state. 
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2. Arrival process follows Poisson. 
3. When the system is in regular busy period it serves customers based on exponential distribution with 

rate µ. 
4. During the regular busy period the arrival parameter is λ. 
5. The server takes vacation, if there are no customer in the queue at a service completion point. 
6. During vacation, the arrival rate is . 
7. Vacation period follows negative exponential with rate θ and the vacation policy is multiple vacation 

policy. 
8. When the server is in vacation, if customer arrives, the server serve the customers using exponential 

distribution with rate . As this vacation period ends, the server instantaneously switches 
over to the normal service rate µ, if there is at least one customer waiting for service. Upon 
completion of a service at a vacation period, the server will (i) Continue the current vacation if it is 
not finished and K-1 customer is waiting for service; (ii) Continue the service with rate  if the 
vacation has not expired and if there is at least one customer waiting for service. (iii) If the vacation 
period ends, the server waits idle if there are K-1 customers in queue. (iv) If the vacation period ends, 
the server begins service if K or more customers are in the queue. 

9. The server may break down during a service and the break downs are assumed to occur according to 
a Poisson process with rate α. 

10. Once the system break downs, the customer whose service is interrupted goes to the head of the 
queue and the repair to server starts immediately. 

11. Duration of repaired period follows negative exponential with rate β. 
12. During repair period no service takes place but customers arrive according to Poisson process with 

rate . 
13. The first come first served (FCFS) service rule is followed to select the customer for service. 
 
2.1 The Quasi-Birth-And-Death (QBD) Process: The model defined in this article can be studied as a 
QBD process. The following notations are necessary for the analysis: 
Let  be the number of customers in the queue at time  and let 

 

be the server state at time . 

Let , then  is a Continuous time Markov chain (CTMC) with state space 

, where  denotes the number of customer in the queue and  denotes the 
server state. 
Using the lexicographical sequence for the states, the rate matrix , is the infinitesimal generator of the 
Markov chain and is given by 
 

 

 
where the sub-matrices  and  are of order  and are appearing as 
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and the boundary matrix is defined by 

 

 

We define the matrix . This matrix  is a  matrix and it can be written as 

 

 
3. The Steady State Solution: Let  be the stationary probability vector associated 
with , such that  and  where  is a column vector of 1's of appropriate dimension. 
Let  and  for . 
If the steady state condition is satisfied, then the sub vectors  are given by the following equations: 

 
 
 
 
 

where is the rate matrix, is the minimal non-negative solution of the matrix quadratic equation (see 
Neuts(1981)). 

 
Substituting the equation (5) in (3), we have 

 
and the normalizing condition is 

 

Theorem 3.1: The queueing system described in section 2 is stable if and only if , where 

  

Proof: Consider the infinitesimal generator , which is a square matrix of order 3, the 

row vector satisfying the condition and . 
Following Neuts (1981), the system is stable if and only if . 
That is, 

The system is stable if and only if  

 
Theorem 3.2: If , the matrix equation (6) has the minimal non-negative solution 

 

where 
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Proof: Let 

 

 

 

Substituting (10), (11) and  into (6), gives the following set of equations 
                                                               (12) 

                  (13) 
                                                                              (14) 

                                      (15) 
                                                                                (16) 

                                             (17) 

                                                                        (18) 
From equations (12)-(18), we get 

 

 

 

 

 

 

 

where, 
 

 
It is clear that the above equation have unique non-negative solution. Therefore, this non-negative 
solution must be the minimal. 
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Theorem 3.3: If , the stationary probability vectors  are 

 

 

 

 

 

 

 

 

where, 

 

 

and  
Proof:  follows from the equations (1), (2), (5) and (7)-(9). 
 
Remark 3.1: Even though  in Theorem 3.2 has a nice structure which enables us to make use of the 

properties like , for  due to the form of  & , it may not be easy to 

cary out the computation required to calculate the  and the performance measures. Hence, we explore 
the possibility of algorithmic computation of . The computation of  can be carried out using a number 
of well-known methods. We use Theorem 1 of Latouche and Neuts(1980). The matrix R is computed by 
successive substitutions in the recurrence relation: 

 
 for n                                           (20) 

and is the limit of the monotonically increasing sequence of matrices . 
 
4. Performance Measures: Using straightforward calculations the following performance measures 
have been obtained: 
a) Mean queue length  
b)  
c) Variance of    
d) Probability that the server is ideal =  
e) Mean queue length when the server is an vacation period =  
f) Mean queue length when the server is in regular busy period =  
g) Probability that the server is in working vacation period = pr{J=0}=  
h) Probability that the server is in regular busy period= pr{J=1}=  
 
5. Particular Model: In the above model, we assume that , and , then we get 
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and  
where 

 

 

 

 

 

 

 

 

 
 

 
6. Numerical Study: In this section, some examples are given to show the effect of the parameters 

 and on the performance measures mean queue length, , variance of , 
probability that the server is idle, mean queue length when the server is an vacation period, mean queue 
length when the server is in regular busy period, probability that the server is in working vacation period 
and probability that the server is in regular busy period for the model analyzed in this paper. The 
corresponding results are presented as case (1), case (2) and case (3). 
Case (i): If  and , the matrix   is 
obtained using the equations (19) & (20) 
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and the invariant probability vector is 
where 

(0.866391, 0.000012, 0.000005)          (0.002035, 0.000014, 0.000008) 
(0.115503, 0.000014, 0.000007)          (0.000255, 0.000014, 0.000008) 
(0.015384, 0.000014, 0.000008) 

and the remaining vectors ’s are evaluated using the relation  
(0.000017929049136, 0.000014553085748, 0.000008069582691) 
(0.000001260591375, 0.000003433894562, 0.000003028056881) 
(0.000000088632177, 0.000000726071448, 0.000000880587550) 
(0.000000006231728, 0.000000157129477, 0.000000231529057) 
(0.000000000438153, 0.000000035440429, 0.000000058205401) 
(0.000000000030807, 0.000000008247045, 0.000000014331437) 
(0.000000000002166, 0.000000001955085, 0.000000003494386) 
(0.000000000000152, 0.000000000468084, 0.000000000848107) 
(0.000000000000011, 0.000000000112625, 0.000000000205394) 
(0.000000000000001, 0.000000000027164, 0.000000000049692) 

For the chosen parameters , and the sum of the steady state probabilities is found to be 
0.9997234 
The performance measures are 
a)  Mean queue length 0.185381 
b) 0.279710 
c) Variance of  0.245344 
d) Probability that the server is ideal =0.866408 
e) Mean queue length when the server is an vacation period =0.153494 
f) Mean queue length when the server is regular busy period =0.0002397 
g) Probability that the server is in working vacation period 

0.999587 
h) Probability that the server is in regular busy period 0.000189 
 
Case (ii): If  and , the matrix   is 
obtained using the equations (19) & (20) 

 

and the invariant probability vector is 
where 

(0.748529, 0.000127, 0.000044)          (0.011280, 0.000150, 0.000074) 
(0.186815, 0.000145, 0.000065)          (0.002503, 0.000151, 0.000075) 
(0.046387, 0.000149, 0.000072) 

and the remaining vectors ’s are evaluated using the relation  
(0.000308762566419, 0.000155454486958, 0.000076983968029) 
(0.000038088022848, 0.000045132739615, 0.000037407455238) 
(0.000004698424164, 0.000011395110960, 0.000014345666386) 
(0.000000579583514, 0.000002921965688, 0.000004974972853) 
(0.000000071495684, 0.000000795372841, 0.000001646032729) 
(0.000000008819493, 0.000000229643362, 0.000000532423314) 
(0.000000001087946, 0.000000069135105, 0.000000170345970) 
(0.000000000134206, 0.000000021337486, 0.000000054216944) 
(0.000000000016555, 0.000000006673813, 0.000000017213239) 
(0.000000000002042, 0.000000002101443, 0.000000005458667) 

   For the chosen parameters , and the sum of the steady state probabilities is found to be 
0.9972704 
The performance measures are 
a) Mean queue length 0.241522 
b) 0.394804 
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c) Variance of 0.336471 
d) Probability that the server is ideal =0.748701 
e) Mean queue length when the server is an vacation period =0.325252 
f) Mean queue length when the server is regular busy period =0.002654 
g) Probability that the server is in working vacation period 

0.995866 
h) Probability that the server is in regular busy period 0.0009339 
 
Case (iii): If  and , the matrix   is obtained 
using the equations (19) & (20) 

 

and the invariant probability vector is 
where 

(0.866320, 0.000019, 0.000007)           (0.002032, 0.000022, 0.000013) 
(0.115490, 0.000020, 0.000011)           (0.000252, 0.000022, 0.000013) 
(0.015380, 0.000021, 0.000012) 

and the remaining vectors ’s are evaluated using the relation  
(0.000014770979760, 0.000023495591449, 0.000014123031178) 
(0.000000865800985, 0.000006119461887, 0.000007257439393) 
(0.000000050748923, 0.000001848273200, 0.000003189259360) 
(0.000000002974648, 0.000000675461195, 0.000001344528641) 
(0.000000000174359, 0.000000269553567, 0.000000560490264) 
(0.000000000010220, 0.000000110685257, 0.000000232948977) 
(0.000000000000599, 0.000000045818545, 0.000000096740735) 
(0.000000000000035, 0.000000019007901, 0.000000040166878) 
(0.000000000000002, 0.000000007889954, 0.000000016676443) 
(0.000000000000000, 0.000000003275511, 0.000000006923612) 

      For the chosen parameters , and the sum of the steady state probabilities is found to be 
0.9997092 
The performance measures are 
a) Mean queue length 0.282281  
b) 0.565035 
c) Variance of 0.4853524 
d) Probability that the server is ideal =0.866346 
e) Mean queue length when the server is an vacation period =0.153433 
f) Mean queue length when the server is regular busy period =0.000389 
g) Probability that the server is in working vacation period 

0.999489 
h) Probability that the server is in regular busy period 0.0001364 
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