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Abstract: In this paper, we study about nuclear and quasi-nuclear mappings in normed linear spaces  
and find some interesting properties of quasi-nuclear mappings  We prove that  if E and F are normed 
linear spaces where F is also reflexive then a map T  £(E,F) is nuclear if and only if  T′ is nuclear.   
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1. Introduction: The concept of a nuclear space arose in an investigation of the question :  for what 
spaces are the analogous Schwarz’s kernel theorem valid? The fundamental results in the theory of 
nuclear spaces are due to A. Grothendieck [1]-[7]. The function spaces used in analysis are, as a rule, 
Banach or nuclear spaces. Nuclear spaces play an important role in the spectral analysis of operators on 
Hilbert spaces.  Nuclear spaces are closely connected with measure theory on locally convex spaces [3]-
[7]. 
 
The definition of nuclear locally convex spaces which was introduced by A. Grothendieck in 1951 in 
setting of his theory of topological tensor products [1]-[4]. 
 
Nuclear mappings were first introduced under the name “operators of the trace-class” when R. schatten 
and J. Von Neumann investigated the question of which continuous linear mappings of a Hilbert space 
determine a meaningful trace. 
 
The extension of these ideas to Banach Spaces led A. Grothendieck to the concept of nuclear mapping.  
However, the original  object was relegated to the background, and it is still unknown whether every 
nuclear mapping from a Banach space into itself has a uniquely defined trace. 
 
A.Grothendieck has noted the following very undesirable property possessed by nuclear mappings.  If F 
is embedded into a larger normed space G it is possible that the mapping            T є £(E, F) is nuclear as 
a mapping from E into G but not as a mapping from E into F.  The detailed investigation of these 
matters led A. Pietch to the concept of a quasi-nuclear mapping[7]. 
 
G.Kothe has shown that every complete quasi-barreled co-nuclear space has the                    
approximation property. He also asked whether the same is true for any co-nuclear space [3]-[7].   
 
In the theory of locally convex nuclear spaces there is a famous unsolved problem.  This  problem can be  
stated as follows: 
 
“If the transpose T′ of a continuous linear map T  £(E,F) is nuclear then is T  necessarily nuclear ?” 
In the present paper, we study about nuclear and quasi-nuclear mappings in normed linear spaces and 
try to solve the famous unsolved problem. We find a partial answer to the above problem which is given 
in Theorem (3.6). 
Let us observe that the series  converges absolutely in F since    

   =  
                                            ║x║  
                                                   
 
For every nuclear map T we put   ʋ(T) = glb{  } 
where the glb is taken over all possible representations of T in the form  
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                  T x =  for all x  E …………………..(1)                                  
We denote the set of all nuclear maps of E into F by N( E, F)   and the  space of all  linear mappings from 
E into F by £(E, F). 
 
2. Definitions: 

2.1. Definition:  Let E and F be two arbitrary normed spaces.  A continuous linear map             T: E → F 
is said to be quasi-nuclear if there exists a sequence of continuous linear functionals an   E' satisfying  

 <  such that 

║Tx║ ≤ for all x  E . 
 
For every quasi-nuclear map T we put πo(T) = glb{ }    
where glb is taken over all sequences of continuous linear functionals an satisfying  the    above 
conditions.  
 
2.2. Definition: Let E and F be two normed linear spaces with closed unit balls U and V respectively.  A 
map T  £(E,F) is said to be nuclear if there exists a sequence {an}  E′ and a sequence {yn}  F with 

 <  and such that T has a representation of the form (1) 
 
2.3. Definition: A reflexive space is a a locally convex topological vector space that coincides with     the 
continuous dual of its continuous dual space, both as linear space and as topological space[7]. 
 
2.4. Definition: A space N is called a normed linear space if it is a linear space and there is a length 
function ǁ , called the norm, that satisfies the following three relations: If f, and g are members of N and 
c is a constant, then  
1. || f ||  0  
2. || f || = 0 if and only if p is the zero element of the linear space.  
3. ǁ f + g ǁ  ǁf ǁ + ǁ gǁ- the triangle inequality.  
4. || c f || = | c | || f || 
 
3. Theorems / Corollaries: 
3.1. Theorem:   N( E, F) is a normed linear space with the norm v(T). 
 
3.2. Theorem: If E is a normed linear space and F is a Banach space, then N(E,F) is also a Banach space. 
 
3.3. Theorem:  Every nuclear map is precompact [6]. 
 
3.4. Cor.:   Every nuclear map of  a normed linear space into a Banach space is compact. 
 
3.5. Theorem:  Let E, F and G be three normed spaces. Then 
(a)  T  N(E, F), S  £(F,G)  ST  N(E,G) and  v(ST) ≤ ║S║.v(T). 
(b)  T  £(E, F), S  N(F,G)  ST  N(E,G) and v(ST) ≤ v(S).║T║[7].                     
In other words, the product of a nuclear map with a continuous linear map is nuclear.  
Proof:  
 (a) Since T is nuclear, for each δ > 0,  {an}  E′{yn}  F with 
Tx = ∑ < x, an> yn for all x  E ……………….…………..(1) 
and,   ≤ v(T) + δ ………….….…………….(2) 
Hence the map ST has the form 
STx =  for all x  E.                        
Moreover,  v(ST) = glb  
║S║.  

≤ ║S║.(v(T) + δ),           by (2) 
Hence, the map ST is nuclear and moreover, 
v(ST)  ≤ v(S).║T║.              proved.                                                                       
 (b)   Since the map S is nuclear, corresponding to any δ > 0,  {bn}  F′ and {zn}  G with 
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=  for all y  F ..…………………..(1) 

and, ║ ║ ║ ║ ≤ v(S) + δ            …………………….(2) 
Hence, the map ST has the form 
STx =   

 =   for all x E      ..…..…..(3) 
 
Where T′ denotes the transpose of  T. 
Moreover, 

v(ST)  ≤ ║ ║ ║ ║ 

≤ ║T′║. ║ ║ ║ ║ 
≤ ║T║.( v(S) + δ), by (2) and the fact that ║T′║ = ║T║. 
Hence, the map ST is nuclear and 
v(ST)  ≤  v(S).║T║.                  proved                                                                 
 
3.6. Theorem: Let E and F be normed spaces. Then for every nuclear map T  N(E,F), the transpose T′ is 
nuclear and v(T′) ≤  v(T). 
Proof:  Since T is nuclear, given any δ > 0,  {an}  E′ and {yn}  F with 
                 Tx = for all x  E  .…………..…….(1) 
     and,   ≤ v(T) + δ ………………..…… ….(2) 
           Hence, the transpose map T′ has the representation  
                        T′f = an for all f  F′. 
           Moreover,  
                     v(T′) ≤  ≤ v(T) + δ  …………….……(3)  
         Hence, T′ is nuclear and v(T′) ≤  v(T). (since δ > 0 is arbitrary). 
 
3.7. Theorem: Let E and F are two normed linear spaces where F is reflexive. Then a map         T   £(E,F) 
is nuclear if and only if  T′ is nuclear.  Moreover, v(T) = v(T′). 
Proof: Assume that T′: F′→ E′ be nuclear.  Now, the map   T′′: E′′ → F′′ is nuclear by theorem (3.5).  Also, 
since F is reflexive, F′′  F and  hence the map T′′: E′′ → F is nuclear.  Therefore     T′′⁄ E = T.  Thus T = T′′ 
j, where j : E→ E′′ is the canonical injection.  Now, since  T′′ is nuclear and j is a continuous linear  map, 
by theorem (3.4),  the product T is nuclear.  Moreover    ║j║ = 1. So, 
v(T) = v(T′′ j) ≤  v(T′′).║j║ = v(T′′) ≤  v(T′).  
But by theorem(3.5), v(T′) ≤  v(T). 
v(T) = v(T′).   proved. 
 
Note:  theorem (3. 6) is valid in all the cases which are known, also if F is not reflexive. 
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