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Abstract: In this paper, we will discuss about the definitions and basic concepts of graph theory along 
with some applications. Through, a series of applications, we will also present several different types of 

dominating sets. We also describe about the bounds for the domination number g(G).We also discuss 
some properties about the connected domatic number and give some bounds for the parameters. And 
we will also see the dominating set for connected graph & disconnected graph. 
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Introduction: In this chapter, we discuss some properties about the connected domatic number 
and give some bounds for this parameter [2]. Throughout this chapter we consider only finite 
connected graphs without loops and multiple edges. 
 
The connected domatic number of a graph is well defined only for connected graphs; in a disconnected 
graph there exists no connected dominating set and thus no connected domatic partition, while in 
every connected graph there exists at least one connected domatic partition, namely that which 
consists of one class. 

 
Definition: A connected domatic partition of a graph G is a pertition of V(G), all of whose classes 
are connected dominating sets of G. The maximum number of classes of a connected domatic 
partition of G is called the connected domatic number of G and is denoted by dc(G). 

 
Example: The connected domatic number of the following graph G is obtained as follows. 
 

 
Figure 

 
Here {{v1}, {v2, v3, v4, v5, v6, v7}} is a maximum connected domatic partition of G. Hence the connected 

domatic number dc(G) = 2. 

 
Remark: The following results can be easily seen. 
i) For any complete graph Kn , dc(Kn) = n. 

ii) For any tree T, dc(T) = 1, so that dc(K1,n-1) =1. 
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iii) For any path Pn on n vertices, 

dc(Pn) = 2, if n = 2 

1, otherwise. 
iv ) For any cycle Cn of length n, 

3, if n = 3 
dc(Cn) = 2, if n = 4 

1, otherwise. 
v) For any complete bipartite graph Kr,s dc(Kr,s) = min {r, s}, r, s ≥2. 

 
Example: Consider the complete bipartite graph K3,4 given in Figure 3.2 

 

 
Figure 

 
Here {{v1, v4}, {v2, v5}, {v3, v6, v7}} is a maximum connected domatic partition. Hence the connected 

domatic number dc(K3,4) =3. 

 
Lemma: Let G be a connected graph which is not a complete graph, let R be its vertex cut, let S be its 
connected dominating set. Then S∩R ≠ . 

Proof: Let G¢ = G – R and let C1, C2 … ,Ct be the connected components of the sub graph G¢ of G. It is 

clear that t ≥ 2. 
Suppose S∩R = . As the sub graph of G induced by S is connected, it is a sub graph of Ci for some i 

Î {1,2 … , t}. Let x  Cj for j ≠i. Then x Ï S and x has no neighbour in S, which is a contradiction. 

Hence S ∩ R ≠ . 
 
Theorem: Let G be a connected graph which is not complete, let dc(G) be its connected domatic 

number, let k(G) be its vertex connectivity number. Then  dc(G) ≤ k (G). 

Proof: Let R be a vertex cut of G of the cardinality k(G) and let {V1, V2  ….,   Vd }be   a  connected  

domatic   partition of  G  having d = dc(G) classes. By Lemma, we have Vi∩R ≠  for i = 1,2, …, d. Since 

V1, V2, …, Vd are pair wise disjoint, 

the sets V1 ∩ R, V2 ∩ R,…,Vd ∩ R are also pair wise disjoint. 

Therefore, d = dc(G) ≤ R = K(G) 

dc(G) ≤ k(G). 

 
Remark: For complete graph, the above theorem is not true, since dc(Kn) = n but k 

(Kn) = n - 1. 

 
Example: The following graph in Figure illustrates the above result. 
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In the above graph, dc(K4) = {{1},{2},{3},{4}} but k(Kn)=n - 1= 4 - 1=3. 

 
Theorem: For an arbitrary positive integer q there exists a graph G such that d(G) – dc(G) = q. 

Proof: Let G¢ be a complete graph with vertices u, v, … , vq
¢ Let G ¢¢ be a complete graph with vertices 

u, v ¢¢ , …, vq
¢¢ . The vertices u, v ¢ , … , vq

¢ , v ¢¢ , …, vq
¢¢ . are pair wise distinct and the vertex u is 

common to both G¢ and G ¢¢ Let G be the union of G¢ and G ¢¢ . The set {u} is a vertex cut of G, 

therefore k (G) =1 and by Theorem 3.1, dc(G) = 1. It is clear that {{u}, { v ¢ , v ¢¢ }, …, { vq
¢ , vq

¢¢ }} is the 

maximum domatic partition of G. Therefore the domatic  number d(G) = q+1. Hence d(G) – dc(G) = 

q. 
 

Theorem: Let G be a connected graph and let n0 be the number of vertices of degree n - 1. Then 

( ) ( )
0c
nn

2

1
Gd +£  

 
Theorem: Let G be a connected graph with at least three vertices. Let e = uv be an edge of G 

which is not a bridge. Let G¢= G-e. If deg u = deg v = n-1 in G then dc( G¢ ) ≥ dc(G)-2, 

otherwise dc( G¢ ) ≥ dc( G ) - 1. 

 
Theorem: Let G be a graph. Then  dc(G) ≤  (G) +1. 

 
Corollary: If the domination number of graph G,  (G)≥ 2 then dc(G)≤  (G). 

 
Definition: A graph G is called connected domatically full if dc(G) =  (G)+1. 

 
Example: Any complete graph is connected domatically full graph. 
 

Theorem: Let G be a graph such that both G and G are connected. Then dc(G) = dc( G ) ≤ n–1. 

 
Theorem: For any connected graph G with n vertices  c(G) + dc(G) ≤ n+1 with equality if and only if G 

is complete. 
 
Theorem: For any connected graph G with n vertices,  c(G) .dc(G) ≤ n. 

 

Definition: A connected graph G is said to be connected domatically critical, if dc(G - e) < dc(G) for 

any edge e in G. 
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Theorem: Let G be a connected domatically critical graph, let dc(G) = d. Then the vertex set of G is the 

union of pair wise disjoint sets V1,V2, …, Vd such that 

i) the sub graph Gi of G induced by Vi is a tree for each i = 1, 2, …, d. 

ii) the sub graph Gij of G with the vertex set Vi  Vj and with the edge set consisting of all edges 

joining a vertex of Vi with a vertex of Vj is a forest, each of whose connected components is a star or 

a complete graph with two vertices for any i.j from the set {1,2 … , d} i≠j. 
 
Theorem: Let G be a connected domatically critical graph with dc(G) = d. If G is regular of degree d–1, 

then G is isomorphic to Kd. If G is regular of degree d, then Gi is K2 for each i  {1,2 …, d} and Gij 
consists of two connected components isomorphic to K2 for any i,j from {1, 2, …, d), i≠j. 

 
Conclusion: In general, when studying subsets of a given type, we are interested in finding either a 
smallest or a largest such set in a graph. For instance, one considers such problems as finding the 
minimum cardinality of a dominating set or a cover or finding the maximum cardinality of an 
independent set or packing. In this dissertation, we described bounds for the domination number 

g (G) . 
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