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Abstract: Distance properties of molecular graphs form an important topic in chemical graph theory. 
The revised Szeged index is a molecular structure descriptor equal to the sum of products 

 over all edges  of the molecular graph , where  is the number 
of vertices equidistant from u and v,  is the number of vertices whose distance to vertex u is smaller 
than the distance to vertex v and  is defined analogously. In this paper, we compute revised Szeged 
index and revised edge-Szeged index of certain chemical structures. 
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Introduction: Graph theory has found considerable use in chemistry, particularly in modeling chemical 
structures because it provides a mathematical framework to quantify the underlying connectivity of 
molecular structures. It has provided the chemist with a variety of very useful tools to obtain structure-
property relations that include the topological indices. A topological index is a numerical quantity 
derived in an unambiguous manner from the structural graph of a molecule. These indices are graph 
invariants used in theoretical chemistry to not only obtain estimates of physicochemical properties but 
also to encode molecules for the design of chemical compounds with given physicochemical properties 
or given pharmacological and biological activities [24]. Consequently, topological indices are useful in 
both predictive computational toxicology and computer-aided drug discovery. The Wiener index is one 
of the oldest and the most thoroughly studied of topological indices. The Szeged index is another 
topological index introduced by Gutman [11], and it appears to take into quantitative consideration of 
various graph-distances in a molecular structure, and it is thus a distance-based index. The Szeged index 
has also been found useful in modeling various biological activities viz. antihypertensive, antimalarial, 
antituberculotic, anti HIV, CA inhibitory antagonists, lipoxygenase inhibitory activity, lipophilicity etc., 
[14]. Randic [21] presented a modification of this topological index to find a better descriptor for 
structure-property relationships for cyclic molecules. Later this modification was named the revised 
Szeged index in [19]. Some mathematical properties of this graph-invariant are reported in [9, 19, 20, 25]. 
In theoretical chemistry, the revised Szeged index and revised edge-Szeged index are used to measure 
the stability of alkanes and the strain energies of cycloalkanes. A modification on the revised Szeged 
index yields a new topological index called the normalized revised Szeged index. This new index, 
computed from the revised Szeged index, takes into account the number of edges (bonds) of a given 
graph [2]. It also fits in the same value range as the Randic index. It correlates with the boiling point of 
both cyclic and acyclic molecular graphs better than both Szeged and revised Szeged indices. 
 
Relationships between the Wiener index, the Szeged index and the revised Szeged index were studied 
on tree-like graphs in [20]. Extremal graphs with respect to the revised Szeged index in unicyclic graphs 
and in bicyclic graphs were studied in [16] and [25] respectively. The revised Szeged index of hierarchical 
product of graphs was investigated in [22], while in [9] a new formula for computing this invariant is 
presented. As pointed out by Pisanki and Randic [19], the Szeged index and its revision have the 
advantage that they can be applied to cyclic graphs such as the ones considered in the present study 
because the index differentiates the vertices closer to one or the other terminal atoms of a bond, 
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compared to those at an equal distance. Consequently, the vertices that are equi-distant from both ends 
of a bond do not contribute to the Szeged index. The revised Szeged indices are also novel from a purely 
mathematical standpoint as they are elegant and provide interesting number-theoretic expressions. In 
this paper, we compute revised Szeged index and revised edge-Szeged index of hexagonal network and 
circumcoronene series of benzenoid hydrocarbons. The benzenoid hydrocarbon graphs are 
mathematically interesting as pointed out by Harary and Read [13]. Moreover, benzenoid hydrocarobons 
have received considerable attention [1, 3, 4, 6, 8, 18] over the years due to interest in carcinogenicity, 
graphene sheets, donut-shaped aromatic molecules called Kekulenes and carbon-based nanomaterials 
and nanotubes. 
 
Revised Szeged Index of Regular Tessellations: A tessellation is a tiling of the plane, using polygons. 
If a tessellation consists of congruent polygons, it is called a regular tessellation. Thus, there are only 
three regular tessellations, utilizing equilateral triangles, squares or regular hexagons. A tessellation 
graph is a finite sub graph of a regular tessellation, consisting of a grid of congruent polygons where 
each polygon shares at least one common edge with another. They are the basis for the design of direct 
interconnection networks with highly competitive overall performance. Hexagonal and honeycomb 
networks are based on regular triangular and hexagonal tessellations respectively. These networks have 
been studied in a variety of contexts. They have been applied in chemistry to model benzenoid 
hydrocarbons, in image processing [23], computer graphics [15] and cellular networks [10]. In this 
section, we give the basic definitions and preliminaries, which are required for the remaining study. 
 
Definition 2.1: Let G be a connected graph and  be an edge of G. Then the Szeged index of G is 
defined as , where  denotes the number of vertices lying closer to 

the vertex u than the vertex v and  denotes the number of vertices lying closer to the vertex v than 
the vertex u. 
 
Definition 2.2: Let G be a connected graph and  be an edge of G. Then the edge-Szeged index of 
G is defined as , where  denotes the number of edges lying closer 

to the vertex u than the vertex v and  denotes the number of edges lying closer to the vertex v than 
the vertex u. 
Definition 2.3: The revised Szeged index of a connected graph G is defined as 

, where ,  and  denotes the number of 

vertices equidistant from u and v, the number of vertices lying closer to the vertex u than the vertex v 
and the number of vertices lying closer to the vertex v than the vertex u respectively. 
 
Definition 2.4: The revised edge-Szeged index of a connected graph G is defined as 

, where ,  and  denotes the number of edges 

equidistant from u and v, the number of edges lying closer to the vertex u than the vertex v and the 
number of edges lying closer to the vertex v than the vertex u respectively. 
 

 

Figure 1: The Coordinate System for a Hexagonal Network 
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Revised Szeged Index of Hexagonal Networks: Hexagonal networks are based on regular triangular 
tessellations or the partition of a plane into equilateral triangles and are widely studied in [5]. A 
hexagonal network HX(n) of dimension n has  vertices and  edges where n is 
the number of vertices on one side of the hexagon. The diameter is . There are six vertices of 
degree three which we call as corner vertices. There is exactly one vertex v at distance  from each of 
the corner vertices. This vertex is called the centre of HX(n) and is represented by O. 
 
For convenience, we shall introduce a coordinate system for the hexagonal network. In this system, 
three axes x, y and z are parallel to three edge directions and are at a mutual angle of 120 between any 
two of them at O. Any line parallel to x-axis in the clockwise (anti clockwise) direction at a distance i 
from the corner vertex of x-axis is denoted by xi-line (x-i-line). Similarly, we define yi-line, y-i-line, zi-line 
and z-i-line. For convenience, we denote the x, y and z axes by x0-line, y0-line and z0-line respectively. 
See Figure 1. 

 
Theorem 2.5: The revised Szeged index of a hexagonal network is given by 

,  

Proof. We partition the edge set of HX(n) into 3 sets namely A, B and C where A denotes the edges in the 
x direction, B denotes the edges in the y direction and C denotes the edges in the z direction. By the 
symmetry of a hexagonal network, it is enough to compute  where e  A,B or C. Thus 

.  
 
The edges on the z0-line are represented by e0i,  from left to right. Similarly, the edges on 
the zj-line and z-j-line are represented by eji and e-ji respectively from left to right. We partition the edges 
along z-lines into four region R1, R2, R3 and R4 as shown in Figure 2. By symmetry, 

.  

 
For an edge eji,  

 

 

. 

 

 

Figure 2: Partition Sets R1, R2, R3 and R4 

 
For an edge eji,  
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.  

Hence we have,  

 

 

. 

This implies that, 

 . 

 
Revised Edge-Szeged Index of Hexagonal Networks: 
Theorem 2.6: The revised edge-Szeged index of hexagonal network is given by 

 

, . 
Proof. Using the notations in Theorem 2.5, we have 

 

 

 

Figure 3: Regions S1, S2, S3 and S4 

 
For each edge  along z-line we have two diagonal cuts. Deletion of edges in the diagonal cuts 
yield four regions S1, S2, S3 and S4. See Figure 3. Let , then the oblique edges in the cut sets with 
one end in S1 are closer to u than v. Similarly, since , the oblique edges in the cut sets with one end 
S3 are closer to v than u. On the other hand, all edges in the cuts which are parallel to uv are equidistant 
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from u and v. All edges in regions S2 and S4 are equidistant from u and v. Further, all edges in S1 are 
closer to u than v and all edges in S3 are closer to v than u.  

The number of edges in S2 and S4 are equal when edge e0i is considered and is equal to 

. The number of edges in S1 and S3 with respect to the edges e0i are 

 and  respectively, . Again  edges on the 
diagonal cuts are equidistant from u and v, 2i edges are closer to u than v and 2(n-1) edges closer to v 

than u, . Thus, we have,  
 

 
 

 

The number of edges in S2 and S4 are  

and  respectively when edge eji is considered 

. The number of edges in S1 and S3 with respect to the edges eji are  and 

 respectively, . 

Again  edges on the diagonal cuts are equidistant from u and v,  edges are closer to 
u than v and  edges closer to v than u, . Thus we have, 

 

Similarly, for an edge . 

 

Hence we have, 

 

 

This implies that, 

. 
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Figure 4: Edge cuts of H3 

 
Revised Edge-Szeged Index of Circumcoronene series of Benzenoid Graphs: The Circumcoronene 
Homologous Series of benzenoids is a family of molecular graphs, which are obtained by circumscribing 
hexagons around a benzene ring iteratively. The first member of the series is coronene and the next one 
is circumcoronene, and so on. Circumcoronenes obtained for various orders of circumscribing are 
extesively studied in chemistry, physics and nano-sciences as they are building blocks of carbon 
nanotubes and graphene sheets. These molecular graphs are presented in [7, 26]. 
 
Definition 2.7: A hexagon is treated as a benzene of size one, denoted H1. The Coronene H2 of size two 
is obtained by adding six hexagons to the boundary edges of H1. Inductively, Circumcoronene series of 
Benzenoid Hn of size n is obtained from Hn-1 by adding a layer of hexagons around the boundary of Hn-1. 
The number of vertices and edges of Hn are 6n

2 and 9n
2-3n, respectively. 

 
Theorem 2.8: The revised edge-Szeged index of Circumcoronene series of Benzenoid is given by 

. 

Proof. We use horizontal and diagonal cuts of edges as shown in Figure 4. Let  and 

 be the horizontal and diagonal cuts in Hn. The number of edges in Si and  are 

equal to . There are two isomorphic horizontal cut  and 

exactly one cut Sn. Similarly there are two isomorphic diagonal cuts  and 

exactly one cut  for j=1,2. By symmetry, . 

For the horizontal cut , 

 

 

Hence we have, 

This implies that, . 
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Comparative Study for HX(n) and Hn: 

Theorem 2.9: [17] The Szeged index of hexagonal network is given by 

. 

From Theorem 2.5, 2.6 and 2.9, we arrive at the following table. 
 

Table 1: Hexagonal Networks HX(n) 

S.No Values of n 
Szeged 

Index 

Revised Szeged 

Index 

Revised Edge-Szeged 

Index 

1 n=2 48 133.5 394.5 

2 n=3 1032 3208.5 15276 

3 n=4 7758 25248 145339.5 

4 n=5 35010 116766 744675 

 
In the same manner we compare the parameters for Hn 

 

Theorem 2.10: [12] The Szeged index of benzenoid hydrocarbons is given by 

. 

 

Table 2: Circumcoronene Series of Benzenoid Graphs Hn 

S.No Values of n Szeged Index Revised Szeged Index Revised Edge-Szeged Index 

1 n=1 54 54 54 

2 n=2 3438 3438 5125.5 

3 n=3 39258 39258 67288.5 

4 n=4 220824 220824 405570 

 

Conclusion: In this paper we have obtained the revised Szeged index and revised edge-Szeged index of 
hexagonal network and circumcoronene series of benzenoid. Finding revised Szeged index and revised 
edge-Szeged index for other chemical graphs are under investigation and are quite challenging. 
 
References: 
 
1.  J. Aihara, M. Makino, T. Ishida and J. R. Dias, “Analytical Study of Superaromaticity in Cycloarenes 

and Related Coronoid Hydrocarbons”, The Journal of Physical Chemistry A, 117, (2013), pp.4688-
4697. 

2. M. Aouchiche, P. Hansen, “The Normalized Revised Szeged Index”, MATCH Communications in 
Mathematical and in Computer Chemistry, 67, (2012), pp.369-381. 

3. A.T. Balaban and F. Harary, “Chemical graphs-V: Enumeration and Proposed Nomenclature of 
Benzenoid Cata-condensed Polycyclic Aromatic Hydrocarbons” Tetrahedron, 24, (1968), pp.2505-
2516. 

4. K. Balasubramanian, J.J. Kaufman, W.S. Koski and A.T. Balaban, “Graph Theoretical 
Characterization and Computer Generation of Certain Carcinogenic Benzenoid Hydrocarbons and 
Identification of Bay Regions”, Journal of Computational Chemistry, 1(2), (1980), pp.149-157. 



Mathematical Sciences International Research Journal Volume 7 Spl Issue 5                   ISSN 2278-8697 

 

 
Journal Published by IMRF Journals | Feb 2018 Edition                                                          |    24  
 

5. M.S. Chen, K.G. Shin, D.D. Kandlur, “Addressing, routing, and broadcasting in hexagonal mesh 
multiprocessors”, IEEE Transactions on Computers, 39, (1990), pp.10-18. 

6. J.R. Dias, “Hand Book of Polycyclic Aromatic Hydrocarbons”, Part A, Elsevier, Amsterdam, 1987. 
7. J.R. Dias, “From Benzenoid hydrocarbons to fullerene carbons”, MATCH Communications in 

Mathematical and in Computer Chemistry, 4, (1996), pp.57-85. 
8. J.R. Dias, “Valence-Bond Determination of Diradical Character of Polycyclic Aromatic 

Hydrocarbons: From Acenes to Rectangular Benzenoids”, The Journal of Physical Chemistry A, 
117(22),(2013), pp.4716-4725. 

9. M. Faghani and A.R. Ashrafi, “Revised and Edge Revised Szeged Indices of Graphs”, Ars 
Mathematica Contemporanea, 7, (2014), pp.153-160. 

10. F. Garcia, I. Stojmenovic and J. Zhang, “Addressing and Routing in Hexagonal Networks with 
Applications for Location update and connection rerouting in Cellular Networks”, IEEE 
Transactions Parallel Distributed Systems, 13(9), (2002), pp.963-971. 

11. I. Gutman, “A formula for the Wiener number of Trees and its Extension to Graphs Containing 
Cycles”, Graph Theory Notes New York, 27, (1994), pp.9-15. 

12. I. Gutman and S. Klavzar, “An Algorithm for the Calculation of the Szeged index of Benzenoid 
Hydrocarbons”, J. Chem. Inf. Comput. Sci. 35, (1995), pp.1011-1014. 

13. F. Harary and R. C. Read, “The Enumeration of tree-like Polyhexes”, Proc. Edinburgh Math. Soc. 17, 
(1970), pp.1-13. 

14. P.V. Khadikar, S. Karmarkar, V.K. Agrawal, J. Singh, A. Shrivastava, I. Lukovits and M.V. Diudea, 
“Szeged Index - Applications for Drug Modeling”, Letters in Drug Design and Discovery, 2(8), 
(2005), pp.606-624.  

15. L.N. Laster and J. Sandor, “Computer graphics on hexagonal grid”, Computers Graphics, 8, (1984), 
pp.401-409. 

16. X. Li, M. Liu, “Bicyclic Graphs with Maximal Revised Szeged index”, Discrete Applied Mathematics, 
161, (2013), pp.2527-2531. 

17. P. Manuel, I. Rajasingh, M. Arockiaraj, “Wiener, Szeged and Vertex PI Indices of Regular 
Tessellations” Iranian Journal of Mathematical Chemistry, 3, (2012), pp.165-183. 

18. H. Miyoshi, S. Nobusue, A. Shimizuand and Y. Tobe, “Non-alternant Non-benzenoid Kekulenes: the 
birth of a new kekulene family”, Chemical Society Reviews, 44, (2015), pp.6560-6577. 

19. T. Pisanski and M. Randic, “Use of the Szeged index and the Revised Szeged index for measuring 
network bi-partivity”, Discrete Applied Mathematics, 158(2010), pp.1936-1944. 

20. T. Pisanski and J. Zerovnik, “Edge-contributions of some topological indices and arboreality of 
molecular graphs”, Ars Mathematica Contemporanea, 2, (2009), pp.49-58. 

21. M. Randic, “On Generalization of Wiener Index for Cyclic Structures”, Acta Chim Slov, 49, (2002), 
pp.483-496. 

22. M. Tavakoli, F. Rahbarnia, A. R. Ashral, “Further results on hierarchical product of graphs”, Discrete 
Applied Mathematics, 161, (2013), pp.1162-1167. 

23. R. Tosic, D. Masulovic, I. Stojmenovic, J. Brunvoll, B.N. Cyvin and S.J. Cyvin, “Enumeration of 
polyhex hydrocarbons up to h=17”, Journal of Chemical Information and Computer Sciences, 35, 
(1995), pp.181-187. 

24. N. Trinajsti´c, “Chemical Graph Theory”, 2nd revised edition, CRC Press, Boca Raton, 1992. 
25. R. Xing and B. Zhou, “On the revised Szeged index”, Discrete Applied Mathematics, 159, (2011), 

pp.69-78. 
26. P. Zigert, S. Klavzar and I. Gutman, “Calculating the hyper-Wiener index of Benzenoid 

hydrocarbons”, ACH Models in Chemistry, 137, (2000), pp.83-94. 
 

 
***  


