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Abstract:A star coloring of anundirected simple graph G= (V, E) is a proper vertex coloring in which 
every path on four vertices uses at least three distinct colors.The star chromatic number χs(G) of G is the 
least number of colors needed to star color G.The concept of star coloring is applied in question paper 
distribution and seating allotment of exam scheduling in order to avoid proxy activities. In this paper, 
the star chromatic number forthe Cartesian product of two complete graphs, join of nCm– 1 andK1 and 
generalized gear graph is determined. 
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Introduction:Graph coloring is assignment of colors to vertices or edges of a graph. Consider a 
situation where frequencies have to be assigned to towerssituated in different locations. The question is 
to find a minimum number of frequencies required with the constraint that no two frequencies will be 
same in a location. This situation can be viewed as an instance in graph coloring problem where every 
tower represents a vertex and there is an edge between two towers when that they are in range with 
each other.There are numerous coloring problems with different limitations on the vertex set or edge set 
of a graph or the way a color is assigned.The graph coloring problem is an NP-hard problem for most 
non-trivial coloring models; further there are no known optimal polynomial-time solution. 
 
A proper vertex coloring of a graph G is called star coloring [1], [7], [8], if every path of G on four vertices 
is not 2- colored and the star chromatic number χs(G) is the minimum number of colors needed to star 

color G. The problem of determining whether χs(G)£ 3, for a planarandbipartite graphG isNP-complete 
[1]. Further, Coleman et al showed that the star coloring problem is NP-hard even for a bipartite graph G 

[5]. Steffen et al have constructed infinite family of graphs with star chromatic number at most m + Î for 

each Î> 0 and m³ 2 [12]. Guillaume et al [8] have obtained the tight bounds of star chromatic number 
for trees, cycles, complete bipartite graphs and bounds for hypercube, tori, planar graphs, d-dimensional 
grids. The star coloring for various graphs has been studied in [2], [3], [4], [9], [10], [11], [13]. 

 

Rook’s Graph: The Cartesian product of two graphs or the graph product of two graphs G1and G2 with 

disjoint vertex sets V1 and V2; edge sets E1 and E2 is the graph with vertex setV1´V2 and there is an edge 
between two vertices u = (u1, u2) and v = (v1, v2) whenever u1 = v1 and u2 is adjacent to v2 or u2 = v2 and u1 is 

adjacent to v1.The Cartesian product of two graphs G1 and G2 is denoted by G = G1´G2.  
 

 
Figure 1: K3 ×K3 Rook’s graph 



Mathematical Sciences International Research Journal Volume 7 Spl Issue 2                  ISSN 2278-8697 

 

 
Journal Published by IMRF Journals | Jan 2018 Edition                                                          |    68 

A Rook's graph is a graph that represents all legal moves of the rook chess piece on a chess board. Each 
vertex of a rook’s graph represents a square on a chessboard and each edge represents a legal move from 
one square to another which can be either horizontally or vertically, but not   diagonally.  
Mathematically, this graph can be defined as the Cartesian product of Km and Kn where Km is a complete 
graph on m vertices. The line graph of a complete bipartite graph Km, n is also a rook’s graph. The 

number of vertices and edges in an m´n Rook's graph are mn and  respectively. 

 
 

Theorem 1: For all m, n ≥ 3, let G= Km× Kn, then χs(G) ≤ .  

Proof: We know that χs(Kn) = n for all n ≥ 3. 
The procedure to star color Gis as follows: The vertices in the first row will receive colors from 1 to m. If 
the vertices in second row are also assigned with the same m colors as in first row, then assignment of 
colors in whatever order to the vertices will violate the definition of proper coloring or star coloring. 
Thus, the vertices in second row will receive colors from the set {1, 2 … m + 2}. Similarly, the vertices in 
the third row will be assigned with colors belonging to the set {1, 2 … m + 4}. Continuing this process, G 
requires maximum of m + n colors. We infer that, if a color x is assigned to a vertex in any row or 
column, then no vertex in the corresponding row or column is assigned with color x. 
By adopting the same procedure, for the graph G = Km× Km, a maximum of 2m colors are required to star 

color G. Therefore χs(G) ≤  
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Figure 2: A Star Coloring Of Rook’s Graph 

The graph shown in Figure 2 isa rook’s graph K4×K4 whose star chromatic number is8. 
 
Join of nCm - 1 and K1:A wheel graph Wm is a join of Cm – 1 and K1, equivalently, a wheel graph is a graph 
obtained from a cycle Cm – 1 by adding a new vertex and joining all the vertices of the cycle with the new 
vertex; the new vertex and edges are called as the hub and spokes of the wheel respectively [6].The 
number of vertices of Wm is m. Consider a graph G obtained by the join of nCm– 1 and K1 with n number of 
cycles, m vertices on each cycle and the vertices of the cycles are connected to the hub i. e., G = nCm– 1+ 
K1. The number of vertices in G is nm + 1. See Figure 3. 
 

 
Figure 3: 3C4 + K1 
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Theorem 2: Let Wm be the wheel graph with m³ 4. Then the star chromatic number of wheel graph is 

 

Proof: Consider Wm, with m¹ 6. We begin by assigning the color 1 to the hub and colors 2, 3, 4 

consecutively to the remaining vertices of Wm. Thenthe adjacent vertices of any vertex vrÎV(Wm) are 
assigned with distinct colors. It can be easily verified that Wm has a valid star coloring. Hence χs(Wm)=4 

for all m and m¹ 6,    
Now let m= 6.  
By definition, a wheel graph W6 contains a cycle C5 and Guillaumeet al proved that χs(C5)=4.[8]. 
To star color W6, assign color 1 to the hub and colors 2, 3, 4, 5 to the remaining vertices of W6.There is 
no possibility that the path on four vertices to be bicolored in this assignment of colors. Hence χs(W6)=5. 
Next we find the star chromatic number for the join of nCm - 1 and K1 using Theorem 2. 
 
Theorem 3: Let G= nCm– 1 + K1, then χs(G)= χs(Wm),for all m ≥ 3 and n ≥ 2. 
Proof: We consider two cases to obtain the star coloring for G. 
Case (i): m= 6 
In this case, G contains cycles of length 5 i. e., C5 and χs(C5)=4 [8] . 
Therefore, assign color 1 to the hub and assign colors 2, 3, 4, 5 to the remaining vertices of G. It can be 
verified that there is no possibility for the paths on four vertices to be bicolored in this assignment. Thus 
χs(G)=5. 
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Figure 4: 3C4 + K1 with its star coloring 

 
Case (ii): m ≠ 6  
Assign color 1 to the hub and assign colors 2, 3, 4 consecutively to the m vertices on the n number of 

cycles. The adjacent vertices of any vertex vrÎV(G) are assigned with distinct colors such that no paths 

in G are bicolored. Thus a star coloring for G is obtained and χs(G) = 4, for all n³ 2 and m ≠6. 
From above cases, we conclude that χs(G) = χs(Wm). 
A star coloring of 3C4 + K1 is shown in Figure 4. 
 
Generalized Gear Graph: A gear graph Gn also known as a bipartite wheel graph, is a wheel graph with 
a vertex added between every pair of adjacent vertices of the cycle. The graph Gn has 2n + 1 vertices and 
3n edges. The generalized gear graph Jk,n is obtained from a wheel graph by introducing k-vertices 

between every pair of adjacent vertices on the cycle. See Figure 5 for a generalized gear graph J3, 8.If k³ 1, 
then the diameter of Jk,n is k + 2 when k is even and k + 3 when k is odd. 
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Figure 5: Generalized Gear Graph J3,8 

 
Theorem 4: Let G = Jk, n, then χs(G) = 4 for all n ≥ 3 and k ≥ 2. 
Proof: Let us star color G. 

· Assign color 1 to the hub. 

·  Assign colors 2, 3, 4 consecutively to all the vertices of the cycle. 

· Assign colors 1, 2, 3, 4 consecutively to the remaining vertices of Gin such a way that there no paths 
of length 4 which is bicolored. 

Clearly for any k, χs(G)= 4. 
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Figure 6: J3,8 

 
The assignment of colors of J3,8is shown in Figure 6. 
 
Conclusion: In this paper, we have provided the bounds for star chromatic number of rook’s graph and 
the exact value for the join of nCm – 1and K1 and generalized gear graph. 
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