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Abstract:  In this paper, it has been investigated the notion of -Topological vector spaces.  -Topological 
vector spaces are defined by using -open sets and  -continuous mappings.  It is proved that -
Topological vector spaces  possess open heredity property. It has been analyzed the  -closure in -
Topological vector spaces and it has been proved that scalar multiple of a -closed set is -closed set in 

-Topological vector spaces. 
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Introduction: In 1937, stone.M, introduced the regular open sets. In 1965, Njastad.O, introduced the 
concept of –open sets in the topological space. In 1968, Velicko. N. V, introduced the -open sets as the 
union of regular open sets. In 1973, A.Grothentieck et al introduced the structure of Topological Vector 
Space. In this paper, we introduce the notion of -Topological vector spaces.  -Topological vector spaces 
are defined by using -open sets and  -continuous mappings. 
 
Preliminaries: 

Definition 1:  A set U is said to be a Topological Space. If it is possible to define a collection  of subsets 
of U called a topology in U, for which the following properties are valid: 
1. U,   
2. If A   and B  , then A  B   
3. Arbitrary union of elements in  also belong to  
 
Definition 2:  Let V be a vector space endowed with a topology . The pair (V, ) is called a Topological 
Vector Space. If 
1. For every point x V, the singleton {x} is a closed set (namely, {x}c ). 
2. e vector space operations are continuous with respect to . 
 
Definition 3:  A subset A of a space (X, ) is called -open if for each x A there exists a regular open set 
V such that x V A. 
 
Definition 4: A  function f:(X, ) →(Y, ) is said to be δ-continuous. If f-1(V)  δ   for every V . 

 

1 .δ-Topological Vector Spaces: 

Definition 1.1: A  δ-Topological Vector Space is a vector space X over a field K (real or complex; always 
assume an euclidean topology on K say ) with topology  with the following conditions: 
1. f: X X → X defined by f((x,y)) = x+y is δ- Continuous. 
2. g: K X → X defined by g(( ,x)) = .x  is δ- Continuous for each  in K and x,y in X 
3. every singleton {x} is a δ-closed set for every point x  X 
 

Note: 1. 2:   We denote a δ-Topological Vector Space by a triplet (X,K, ). In short, it is denoted by X, a δ –
TVS. 
 

Theorem 1.3  A Vector Space X over a field K with a topology    is δ-Topological vector space iff 
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1. for each pair x,y in X and for each open set  W of x+y in X, there exists a  δ –open set U in X containing 
x and a δ –open set V in X containing y such that U+V  W. 

2. for each  in K , x in X and for each open set W  containing the point x, there exists a δ –open sets U 
containing   in K and  V containing x in X such that UV  W. 

Proof: It follows from definition.  
 
Theorem 1.4: In a δ-Topological Vector Space (X,K, ), for any x X, the translation mapping is  δ-
continuous function. 
Proof: Suppose that (X,K, ) is a δ- topological vector space. Let x X be arbitrary. The translation 
mapping Tx:X X is defined by Tx (y)=y+x  for all y in X. Let y X and W be any open set in X containing 
Tx(y)=y+x. By hypothesis, there exists a δ-open set U containing y and V containing x such that U+V W. 
Then,Tx(U)=U+x U+V W. It is proved that for every open set W containing Tx(y) ,there exists a δ-open 
set U containing y such that Tx(U) W.  There fore , the translation mapping Tx is  δ-continuous function. 
 
Theorem 1.5:  In a δ-topological vector space (X,K, ), for any K , the multiplication mapping  g  X 

X defined by g (x)= .x  is δ-continuous mapping. 
Proof:  Suppose that (X,K, ) is a δ-topological vector space . The multiplication map g  X X is defined 
by g (x)= .x for all x in X. Let W be any open set in X containing g (x)= .x. By hypothesis, there exists  
δ-open sets U in K containing  and V in X containing x such that UV  W. Then g (V)= .V  UV  W. 
Therefore  g  is δ-continuous mapping. 
 
Theorem 1.6:  If U is open in a δ-topological vector space X, then U+x is a open subset of X for all x in X. 
Proof: Let u+x  U+xbe arbitrary. Now, U is an open set in X containing u=u+x-x=T_x(U+x). Since the 
translation map T_x is δ-continuous, there exists a δ-open set V containing u+x such that T_x(V) U. That 
is, V+(-x ) Uand hence V U+x. Now it is proved that for any point u+x U+x, there exists δ-open set V 
containing u+x such that u+x   V U+x. Therefore ,U+x is δ-open subset of X for all x in X. 
 
Theorem 1.7: If U is open in X, then .U is open in  a δ-Topological vector space X for any nonzero 
element  K 
Proof: Let x .U be arbitrary. Then, x = u for some u  U. Now, U is an open set in the X containing u= 
1/ u)= g1/ u)= g1/ x). Since the scalar multiplication map g1/  is δ-continuous, there exists a δ-
open set V containing u=x such that g1/ V) U. That is, 1/ V)  U. and hence V  U. 
 
Theorem 1.8: Every open subspace of an δ-Topological vector space is also δ-Topological vector space. 
Proof: Let (X,K, ) be any  δ-Topological vector space and Y be any subspace of X. Let x,y be any two  
distinct points of Y. Let W be any open set containing the point x+y in the subspace Y. By hypothesis,  
there exists a δ-open set U of x and a δ-open set V of y in X such that U+V  W. By the definition of 
subspace  topology the sets A=U Y and B=V  Y are δ-open sets in Y, containing x and y respectively, Also, 
A+B= (U Y)+(V Y)=(U+V)  Y  U+V  W.  Suppose that .. and W be any open set in Y 
containing  in Y. Since W is open in Y and Y is open in X, We have W is open in X containing the point 

 By the hypothesis, there exists an δ-open set U K of  and V X of y such that U.V W. By the 
definition of subspace topology the set A=U K  is δ-open set in K containing the point  and the set 
A=V F is  δ-open set in Y containing the point y. Also A.B  U.V  W. Hence  every open subspace of an 
δ-Topological vector space is also δ-Topological vector space. 
 
Theorem 1.9: Let (X,K, ) be a δ-Topological vector space. If U is a δ-open set in X containing 0, then x+U 
is a δ-open set for all x . 
Proof: Given U is a δ-open set containing 0. Let x  be arbitrary.  Always, δint(x+U)  x+U. Let V be 
any δ-open set containing the arbitrary point  z  x+U. Since V is a  δ-open set, there exists a δ-open set 
V’containing 0 such that v+V’  V for all v  V. In particular,  z+V’ is a δ-open set such that z+V’  V. Now, 
z=z+0  There fore, z  δint(x+U). x+U  Hence x+U is a δ-open set. 
 

Theorem 1.10:  Let (X,K, ) be a δ-Topological vector space. If U is a open subset of X, then U+V is a δ-
open set in X for any subset V of X.   
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Proof: Given U is any open subset of X. Let V be  any  subset of X. By the Theorem 1.2.3, U+y is a δ-open 
set in X for all  y Now,U+V= y (U+y). Since arbitrary union of δ-open set δ-open, U+V= y

(U+y)  is δ-open in X. That is, U+V  is δ-open in X. 
 
Theorem 1.11:  In a  δ-Topological vector space (X,K, ), for any δ-open set U  containing 0, there exists a 
symmetric δ-open set V containing 0 such that V+V U. 
Proof:  Let U be any δ-open set containing 0, Since every δ-open set is open set, U is a open set  in X 
containing 0=0+0. By hypothesis, there exists δ-open sets V1and V2 containing 0 such that V1+V2 U. By 
the definition of symmetric, V1 (-V1) and V1 (-V2) are symmetric sets   containing 0. Since intersection 
of two symmetric sets is a symmetric, So, V=V1 (-V1) V2 (-V2) V1 and V=V1 (-V1) V2 (-V2) V2. 
Then V+V V1+V2 U. 
 
Theorem 1.12:  Let (X,K, ) be a  δ-Topological vector space. If U is δ-open set in a δ-Topological vector 
space (X,K, ), then there exists a -open set V  in X,  containing 0 such that u+V U for all u U. 
Proof: Let U be any δ-open set in  (X,K, ). Since every δ-open set is open, U is an open subset of X. By the 
theorem 1.2.3, U+x is a δ-open set in X for all x X. In particular, U-u is a δ-open set  in X containing 0  for 
all u U. By taking V=U-u, we get a δ-open set V  containing 0 such that u+V U.  
 
2. δ-CLOSURE IN δ -TVS 

Theorem 2.1: In a δ-Topological vector space (X,K, ), a scalar multiple of a δ-closed set is  δ-closed for 
any X. 
Proof: Let F be any δ-closed subset of X and X be arbitrary. It is enough to prove that ( )c  is any 
open subset of X. ( )c=X\ = = c. Since  F is δ-closed subset of X,  c is δ-open  subset of X. 
Since every δ-open set is open, c is an open  subset of X. By the Theorem 1.2.4,  c) is a δ-open subset 
of X. Then ( )c is a δ-open subset of X. So,  is a  δ-closed subset of X. 
 

Theorem 2.2: Let A and B be subsets of a δ-Topological vector space (X,K, ), then δcl(A)+ δcl(B) 
δcl(A+B). 

Proof: Let z δcl(A)+ δcl(B) be arbitrary. Then z=x+y Where x δcl(A) and δcl(B). Let W be any δ-
open set in X containing z=x+y.  Since every δ-open set is open, w is open in X containing z. Since X is a  
δ-Topological vector space. By the first condition of δ-Topological vector space, there exist a δ-open sets 
U in X containing x, V in X containing y such that U+V W. By the definition of δ-closure, U A  and 
V B . Choose u  U A and v  V B. Then u+v  (U A)  (V B)= (U V)  (A B) W  (A B)= W  
(A B). So, . Therefore, z=x+y δcl(A+B). 
 

Theorem 2.3: Let (X,K, ) be a δ-Topological vector space and A,B be subsets of X. If B is δ-open, then 
A+B= δcl(A)+B. 
Proof: Let A,B be any two subsets of a δ-Topological vector space in X. Always, A  δcl(A). So, A+B  
δcl(A)+B. For the other inclusion; Let y δcl(A)+B be arbitrary. Then y=x+b where x δcl(A) and b B. Since 
B is δ-open, By the Theorem 3.3.6, there exist a δ-open set V containing zero such that V+b B. Since V is 
δ-open in X containing zero and –V is also a δ-open in X containing zero. Now, x+(-V) is δ-open set 
containing x. Then, By the definition of δ-closure, x δcl(A) implies A (x-V) . Choose a A (x-V). 
Then a A and a x-V(or)x-a V.  Now, y=x+b=x+b-a+a=a+(x-a)+b  a+V+b A+B. There fore, 
δcl(A)+B A+B. Now A+B= δcl(A)+B. 
 

Theorem 2.4: In a δ-Topological vector space (X,K, ), every δ-open subspace of X is δ-closed in X. 
Proof: Let Y be a δ-open subspace of X. By the Theorem 1.1.3, Tx:X X defined by Tx(y)=x+y for all y  X is 
δ-homeomorphism. There fore, Y+x is δ-open subset of X for all x  X. Since arbitrary union of δ-open 
subsets is a δ-open, Then  Y= x Y

c(Y+x)=U(say) is δ-open subset of X. Now Y=X\U is δ-closed subset of X. 
Hence every δ-open subspace of X is δ-closed in X. 
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