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1. Introduction: The study of the product of graphs got interest in solving the Vizing's theorem that 
determines the chromatic number of the product of graphs. The product of graphs enables the 
combination or decomposition of its elemental structures. Large networks such as the internet graph, 
with several hundred million hosts, can be efficiently modeled by subgraphs of powers of small graphs 
with respect to the products. It is also useful in computer science to model, load balancing for massively 
parallel computer architectures. In the theory of graphs there are four major products of graphs such as 
Cartesian product, Categorical product, Strong product and Lexicographic product [4]. In the year 2015, 
Chandramouleeswaran et.al introduced the notion of semiring valued graphs [2]. Motivated by this, and 
the theory of products in the theory of the crisp graphs, in [5], we studied the Cartesian product of -
valued graphs. Later in [6], we proved that the collection of -valued graphs forms commutative semiring 
under Cartesian product and union of -valued graphs. In this paper, we introduce the notion of strong 
product for -valued graphs and discuss some of its properties.  
 
2. Preliminaries: In this section, we recall the basic definitions that are needed for our work. 
Definition 2.1.[4]: The strong product of G and H is the graph denoted as , whose vertex set is 

 and for which  is an edge of   if  and  or and 
 or  and  

Definition 2.2.[2]: A semiring  is an algebraic system with a non-empty set S together with two 
binary operations  and  such that 
(1)  is a monoid. 
(2)  is a semigroup. 
(3) For all      
      and  
(4) for all  
The element  S is called the additive identity as well as the zero of the semiring . 
 

Definition 2.3.[2] Let  be a semiring.   is said to be a canonical pre-order if  

for a, b  S,  a   b if and only if there exists an element c   S such that a + c = b. 

 
Definition 2.4.[2]: Let Ì  be a given graph with .For any semiring   a 
semiring valued graph ( -valued graph)  is defined to be the graph y  where  

and y  is defined by y  

p

Î p Î
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For every unordered pair  of Ì  We call  a -vertex set and y an -edge set of the 
-valued graph  

 

Definition 2.5.[3] Let y  and y  be two -valued graphs. 

Then their sum y  where  and  , 

  and  

for , y

y

y  

 

Definition 2.6: [3] Let y  and y  be two S-valued graphs with 

. Then their union is defined as  , where ; . For  

; For , y
y

y
 

 
Definition 2.7.[3]: The open neighborhood of  in  is defined as 

  

The closed neighborhood of  is defined as . 
 
Definition 2.8.[3]: The degree of a vertex  of the -valued graph  is defined as  

 where  is the number of edges incident with .  

 
Definition 2.9.[3]: A -valued graph  is said to be  
(1) Vertex regular if ,  and for some . 
(2) Edge regular if  and for some . 
(3) -regular if it is both vertex as well as edge regular. 
 
Definition 2.10.[3]: A -valued graph  is said to be degree regular -valued graph ( -regular graph) if 

 and for some  and . 
 
Definition 2.11.[3]: Let  be a given crisp graph with n vertices and m edges, then the order of 
the S-valued graph GS is defined to be  =  and the size of the S-valued graph is defined as 

y  

 

Definition 2.12.[7]: Let y  and y  be two given  

S-valued graphs. A homomorphism of S-valued graph is a map   

which is onto isomorphism and a map  such that  and 

y y  

 

Definition 2.13.[7]: A weak isomorphism  is a pair of homomorphisms 
 which is onto isomorphism and a map  such that   

where  is a bijection. 
 

Definition 2.14.[7]: A Co-weak isomorphism   is a pair of homomorphisms 
 which is onto isomorphism and a map  

such that y y  where  is a bijection. 

 

p

p
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Definition 2.15.[7]: An isomorphism is a pair of homomorphisms , 
is such that   and 

y y . If such an isomorphism from  to  exists and ,  are onto 

isomorphisms,  is said to be S-valued isomorphic to  and we write it as   . 
 
3. Strong Product of -Valued Graphs: In this section, we introduce the notion of strong product of two 

-valued graphs, illustrate it with some examples, and prove some simple properties. 
 

Definition 3.1: Let y  where , Ì  and 

y  where , Ì  be two given S-valued graphs.  

We denote the product of vertex sets as  where 

 and the edge set 

Ì  

Then the Strong product of two S-valued graphs  and  is a graph defined as 

y y y  such that two vertices , 

 are adjacent if  and  or  or and  

Define  by  and y  by  

y y

y

y  

 
Example 3.2: Consider the semiring  with binary operations ‘+’ and ‘.’ defined by the 
following Cayley tables. 
 

  

 

In  we define a canonical pre-order  as follows: 

 

Consider the two S-valued graphs  and  

Then their Strong product  is given by  
 

 
 
Theorem 3.3: The strong product of two -regular graph is again -regular. 

Proof: Let y  and y  be two given -regular graphs. 

Claim:  is -regular. 

p

p p p p p p p p p p



 
Mathematical Sciences International Research Journal Volume 7 Issue 2               ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Refereed) International Journal - SE Impact Factor 2.73            |    289  
 

Now by definition  

Then in both the cases  is equal for all  

This implies that  is -vertex regular. 

Further, y

y

y  

                                 

Thus y  is equal for all  

This implies that is -edge regular. 

Thus the Strong product  is -regular. 
 
Remark 3.4: The strong product of two edge regular -valued graphs is need not be edge regular 
This is illustrated by the following example. 
Consider the semiring  with the binary operations  and  defined by 

 and  

  

 These operations can be represented by the following Cayley Tables: 
 

 

 

 
In , we define a canonical preorder as follows: 

 

Then the strong product  is given by 
 

 
 
Remark 3.5: The strong product of two -regular graph need not be -regular. 
This is illustrated by the following example. 
Consider the semiring  as in the remark 3.4. 
 

p

p

p

p
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Remark 3.6: From the above example we observe that . 
Thus in general, we have  

Theorem 3.7: If  and  are any two S-valued graphs then there is an onto isomorphism between 

 to . 

Proof: Let y  and y  be two -valued graphs. 

Then y y y   

y y y  

Define a mapping  by  

Where  by  and . 

 
Claim (i):  is an isomorphism 

By the definition of strong product, for any edge  there is an edge .  

Thus  is a graph homomorphism, moreover  then  is a bijection. 

Thus  is an onto isomorphism from  to   
 
Claim (ii):  is an isomorphism. 

For, =  

  =    and   

  

This implies that  is well defined and one-one. 

Now  

   

  

  

Hence  is additive. 

And   

 

 

 

Thus  is an isomorphism. 
 

Claim (iii):  

For,       

                               

 

Claim (iv): y y  
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For, y y

y

y  

                                                 (3.1) 

Now y y  y  

y y  

                                          

y

y                         

                                                                                (3.2) 

From (3.1) and (3.2) we have y y . 

Thus  is an onto isomorphism. 

Hence   . 
 
Corollary 3.8: The Strong product of -valued graphs is commutative upto isomorphism. 
 

Theorem 3.9: If ,  and  are any three S-valued graphs then 

. 

That is Strong product of -valued graphs is associative. 

Proof: Let y , y  and y  be three -valued graphs. 

Then y y y   

And y y y  

Define  by 

  

Where  defined by  

and  is defined by 

 

Then we can easily verify that  is onto isomorphism. 

. 

Hence the Strong product of -valued graphs is associative upto isomorphism. 
 
Theorem 3.10:  forms a commutative semiring.  
Proof: 
Claim(i):  is a commutative monoid. 
Let . Then by the definition of union of - valued grahs 
To prove the associativity: For, let   
Then , where    

p

p

p

p

p

p

p

p
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;For each edge in  = 
y

y
 

Now , where and   

For each edge in   
y

y
 

Now , where   = ,    

  and   

y

y

y

 

Also , where  = ,   

  and   

y

y

y

 

Moreover empty graph acts as the identity element and . 
Thus we observe that  is a commutative monoid.  
 
Claim (ii):  

For, let , where  and  ; For 

each edge in    
y

y
 

Now,  
 

 by  

 by  

      (3.3) 

 where  

 

Now . 

Where  and  

 

       (3.4) 

Thus we have  
Analogously we can prove the right distributive law. 
Moreover the trivial graph  is a unit, that is . 
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Hence  forms a commutative semiring with unit element. 
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