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Introduction: Mathematical models, using ordinary differential equations  with integer order, have 
been proven  valuable in  understanding the dynamics of biological systems. The modeling  of these 
systems by fractional order  differential equations have more  advantages than classical integer order 
mathematical modeling, in which such effects are neglected. Fractional order differential equations are 
naturally related to systems with memory which exists in most biological systems [1]. 
 
In this research article, we study the neurotransmitter kinetic mathematical model of fractional order. 
Numerical algorithms are developed to get approximate solution for the fractional order differential 
equations. Numerical simulations have also been done through MATLAB programming. 
 
Fractional Derivative: To analyze the dynamical behavior of a fractional system it is necessary to use 
an appropriate definition of the fractional derivative. In fact, the definitions of the fractional order 
derivative are not unique and there exist several definitions, including 
Grunwald-Letnikov, Riemann-Liouville, Weyl, Riesz and the Caputo ([2],[3]) representation. Here we 
will adopt Caputo’s definition which is a modification of the Riemann-Liouville definition and has the 
advantage of dealing properly with initial value problems in which the initial conditions are given in 
terms of the field variables and their integer order which is the case in most physical process [4]. 
 
Definition 2.1. The fractional integral (or the Riemann-Liouville integral) of order 

 of the function  ,  is defined by [5] 

                                                   (1) 

The fractional derivative of order   of  is defined by two (non equivalent) ways: 
(i)Riemann-Liouville fractional derivative: take fractional integral of order (n-p) and then take  
derivative as follows: 

 

 (ii) Caputo -fractional derivative: take  derivative, and then take a fractional integral of order (n-p) 

 
 

We notice that the definition of time-fractional derivative of a function  at  involves an 
integration and calculating time fractional derivative that requires all past history, that is, all the values 
of  from  to  
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Modified Trapezoidal Rule: The following section includes a review of the modified trapezoidal rule 
[6], which is used to approximate the fractional integral  by a weighted sum of function values at 
specified points. Suppose that the interval  is subdivided into subintervals  of equal width 

 by using the nodes   for  , 1, 2, . .  . The Modified Trapezoidal rule 

 

 

 

 

                                           (4) 

 
Generalized Taylor’s formula:  This section introduces a new generalization of Taylor’s formula that 
involves Caputo fractional derivatives. The generalization is presented in [7]. We begin by introducing 
the generalized mean value theorem. 
Theorem 4.1. (Generalized mean value theorem) Suppose that   and 

 for  . Then we have 

, with                            (5) 

Theorem 4.2. (Generalized Taylor’s formula). Suppose that ]   for 
 , where . Then we have 

(6) 

        with  ] 
 
The Fractional Order Model: Neurotransmitters are chemicals that transmit signals from a neuron to 
a target cell through a synapse. Neurons communicate by fixing and transmitting action potentials. 
Ordinary differential equations have long been used in modeling neurotransmitter kinetics. Here the 
fractional model includes the concentration of Acetylcholine. 
Typical simulation and optimization models for reactive biological systems do not include equations 
involving empirical or semi-empirical expressions [8]. Applying memory effect on the dynamics of such 
systems the kinetics of those reactive systems can also be accurately represented by using fractional 
calculus which are similar from those obtained by the law of mass action [9]. 
The instantaneous end-plate current voltage relationship is linear, and thus, for a fixed voltage, the end-
plate current is proportional to the end-plate conductance . Hence it is sufficient to study the end plate 
conductance rather than the end plate current. Since the end plate conductance is a function of 
concentration of , we restrict our attention to the kinetics of ACh in the synaptic cleft. We assume 
that ACh reacts with its receptor, , in enzymatic fashion given as:[10] 

 
And that the ACh receptor complex passes current only when it is in the open state . Here the 
concentration of the reactants and products are denoted by lower case letters   

, where  denotes the concentration of reactants. The model equation takes the form 
given by [11] 

                                                (7) 

                                                 (8) 

                 (9) 
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where  (the total concentration of ACh receptor) is assumed to be conserved. By applying certain 
limited conditions such as  (the rate formation of Ach) is equal to zero and , then the 
above equations become 

         (10) 

         (11) 

                               (12) 

Here the critical point of the system is    
 
The Algorithm: We develop the following algorithm based on the Modified Trapezoidal rule and the 
fractional Euler method explained in [12] to solve the fractional model. 

 

 

                                        (13) 

 

  

            

                                                                        (14) 

 

  

          (15) 

 
Numerical Simulations:      Here we consider the modeled equations with initial conditions  [13], 
   , then we get the solutions as follows: 
 

 
Figure 1: Shows The Mathematical Simulations of the Model When  

   For Different Fractional Orders 
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.  
Figure 2: Shows The Mathematical Simulations of the Model When  

   For Different Fractional Orders 
 
In the above figures the dashed line shows the concentration of ACh in the open state and the solid line 
shows the concentration of ACh in the closed state. 
 
Conclusion: Here we used the fractional Euler method to get the better approximation of the model. 
The given model offers a better prediction about the concentration of Acetylcholine. Thus our analysis 
would be helpful to researchers to predict the dynamics of a biochemical reacting system. It can be 
expected that the proposed fractional order model and the fractional Euler method can be successfully 
applied to experimental findings. 
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