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Abstract: This paper focuses on solutions of partial difference equation with several variables. Being an 
application of difference operator, relevant formulae for finite and infinite series on polynomial and 
rational functions in number theory have been derived. This complex terrain of study finds its 
application in heat propagation within the given medium based on the Fourier law of conduction. It 
enables the optimal choice of material and gives us knowledge about the nature of propagation of heat. 
The results are verified by MATLAB to validate the findings. 
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1. Introduction: Difference operator  defined as  had its inception in 1984 

by Jerzy Popenda [1,2,4]. It was further extended by M.Maria Susai Manuel, et.al, [5] and G. Britto 

Antony Xavier, et.al,[3] by defining  as  and  as 

 respectively. All these operators are defined on single variable real valued functions with 

one shift value, when ,  becomes . Here, we extend the theory of alpha difference operator 

 to partial difference equation, partial difference operator, and apply it in finding several formulae on 

finite and infinite series of polynomial and rational functions.  
 

2. Preliminaries: Consider n-variable , shift value  and real valued 

function  defined on . Then the difference operator with n shift value  is defined as 

 and its inverse defined by,  

      (1) 

   (2) 
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Example 2.1:  If , , then  gives 

. If , then .  

 

Lemma 2.2: If  for , then  where 

. 

 

Proof:  

which gives . 

 

Corollary 2.3:   where . 

 

Theorem 2.4: (Inverse Principle) If  then  

 (3) 

 

Proof: We arrive  by replacing k by  for  and substituting again all these 

 in above equation.  
 

Example 2.5: Example  and Theorem  directly yield the relation, 

 

 

Theorem 2.6: [6](Product Formula) If  and  are two real valued functions of n variables 

 and  is n-shift value, then 

.  

 

Example 2.7: Taking  and  in Theorem  gives 

 

 
3. Finite Series Formula on Rational Functions: In this section, we obtain finite series formula by 

equating closed and summation form solutions of equation . Here, factorial is 

 for the positive integer n.  
 

Definition 3.1  For real valued function of  variables, the difference operator defined as 

 is called partial difference operator if  and atleast one 

 is zero but not all .  
 

Lemma 3.2  If  and  are variables then we have 
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Proof:  Defintion  and  completes the proof. 

 

Example 3.3:  If  and , Definition  gives 

 

 and     

 

 

Theorem 3.4: If  and  are not integer multiple of  and  respectively, then 

 

 

Proof: The proof follows from Lemma  and Theorem .  
 

Remark 3.5 As  we arrive formula of backward infinite series 
 

 

 

Lemma 3.6  Let  and . The inverse difference of rational functions of 

polynomial factorial of two variables is given by 

 

 

Proof: Definition  and applying  on  completes the proof.  

 
Theorem 3.7 If the denominators are non zero, and m is a positive integer. Then, 

 

 

Proof: The proof follows by  and Lemma  
 
 

Remark 3.8 As , infinite series backward formula in polynomial factorial is 

 

 

Lemma 3.9  If , , then the inverse difference of rational functions of three variables 
is given by  
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Proof. The proof follows by taking  on both sides.  
 

Theorem 3.10 If  and  are not integer multiple of  and ,  respectively, then 

 

 

Proof: Lemma  and  yield the finite summation formula.  
 
4. Infinite Series Formula on Rational Functions: In this section, we derive forward infinite series 
formula for certain rational functions.  
 

Lemma 4.1  The infinite inverse principle of  with respect to  is given by 

 if the series is convergent i.e., . 

 

Proof. The proof follows from , Definition  

and  

 

Theorem 4.2 If  and  are not a integer multiple of  and  respectively then 

 

Proof: Lemmas  and  complete the proof by taking .  

The following theorem is the forward infinite series formula of reciprocal of product of polynomial 
factorials.  
 

Theorem 4.3 If  is not a multiple of ,  is not a multiple of  then 

 

Proof: Lemmas  and  generate the forward infinite series formula.  
 

5. Application In Heat Equation: Consider homogeneous diffusion medium in . Let  be heat 

diffusion constant and  be the temperature at position , at time  with 

density (or pressure) . Here we construct a heat equation model by -Fibonacci difference 

operator  and arrive a solution for that equation.Let  be -Fibonacci constants 

 be five shift values and  be k-variable. By the 

Fourier law of cooling, the heat equation for medium in  is  

 (4) 

 

 where , where  

 etc. 

Expanding , we arrive 
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  =  

 

which is same as 

 

 

 

Hence we obtain a solution of heat equation  as 

 

    

  

 Suppose  is missing in , then replacing k by  in , we get 

             (6) 

 Substituting  in , we get 

 

 

(7) 

 

In general, replacing  by  and  by  in , we arrive 

 

 

 

 

 

(8) 

Thus  is used either to obtain temperature of system or conductivity of property. 
 
6. Conclusion: Here we have derived some formulae on finite and infinite series of polynomial and 
rational functions using inverse principle in number theory. With the results arrived at, we obtained a 

solution  of heat equation as applications using the partial difference operator and its equation.  
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