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Abstract: A multistate reliability system modeled by a semi-Markov process is discussed. The states of 
the system consists of two sets - one of acceptable states and other of down states. We are concerned 
with a multistate system (MSS) having M+1 states 0,1,...,M where ’0’ is the best state and ’M’ is the worst 
state. At time zero the system begins at its best state and as time passes the system begins to deteriorate. 
It is assumed that the time spent by the system in each state is random with arbitrary sojourn time 
distribution. The system stays in some acceptable states for some time and then it moves to 
unacceptable (down) state. The first time at which the MSS enters the down state after spending a 
random amount of time in acceptable states is termed as the first passage time (failure time) to the 
down state of the MSS. 
We study the aging properties of the first passage time distribution of the MSS modeled by the semi-
Markov process {Yt , t ≥ 0}. In the MSS with states {0, 1, ..., k − 1, k, k + 1, ..., M} where {0, 1, ..., k − 1, k} is 
the acceptable states, the sojourn time between state ’i’ to state ’j’ is assumed to be distributed with 
arbitrary distribution Fij .   Markov and semi-Markov modeling of a MSS is given in Lisnianski and 
Levitin (2003).  Let F be the c. d. f. of a continuous random variable T representing lifetime of a unit. 
Then R(t) = 1 − F(t) = F¯(t) = P(T > t) is called its reliability function (or survival function) and  Rx(t) = 
R(t+x) /R(t) is the survival function of a unit of age t, i.e., conditional probability that a unit of age ’t’ will 
survive for an additional ’x’ unit of time. Obviously, any study of the phenomenon of aging/ no aging ( 
i.e., age has no effect on the residual life time) has to be based on Rx(t) and functions related to it.  We 
derive a necessary and sufficient condition under which the distribution of the first passage time from 
acceptable states to down state New Better than used (NBU) and New Better than used in expectation  
(NBUE) . Limiting properties applicable to Switching properties of various electronic banking channels 
are given. Applications to   Semi-Markov System, Birth and Death Models and Queuing Models are 
provided. 
 
Keywords: Semi-Markov Process, IFR, IFRA, NBU, NBUE, Multistate System, Monotone Paths, First 
Passage Time. 
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1. Introduction: A multistate system (MSS) having M+1 states 0,1,...,M where ’0’ is the best state 
and ’M’ is the worst state, modeled by a semi-Markov process is considered. The states of the system 
consists of two sets - one of acceptable states and other of down states. At time zero the system begins at 
its best state and as time passes the system begins to deteriorate. It is assumed that the time spent by 
the system in each state is random with arbitrary sojourn time distribution. The system stays in some 
acceptable states for some time and then it moves to unacceptable (down) state. The first time at which 
the MSS enters the down state after spending a random amount of time in acceptable states is termed as 
the first passage time (failure time) to the down state of the MSS. 
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We study the aging properties of the first passage time distribution of the MSS modeled by the semi-
Markov process {Yt , t ≥ 0}. In the MSS with states {0, 1, ..., k − 1, k, k + 1, ..., M} where {0, 1, ..., k − 1, k} is 
the acceptable states, the sojourn time between state ’i’ to state ’j’ is assumed to be distributed with 
arbitrary distribution Fij .   Markov and semi-Markov modeling of a MSS is given in Lisnianski and 
Levitin (2003).  Let F be the c. d. f. of a continuous random variable T representing lifetime of a unit. 
Then R(t) = 1 − F(t) =  (t) = P(T > t) is called its reliability function (or survival function) and  Rx(t) = 
R(t+x) /R(t) is the survival function of a unit of age t, i.e., conditional probability that a unit of age ’t’ will 
survive for an additional ’x’ unit of time. Obviously, any study of the phenomenon of aging/ no aging ( 
i.e., age has no effect on the residual life time) has to be based on Rx(t) and functions related to it.  We 
derive a sufficient condition under which the distribution of the first passage time from acceptable 
states to down state New Better than used (NBU)/New Worse than used (NWU) and New Better than 
used in expectation  (NBUE)/New worse than used in expectation (NWUE) . Limiting properties 
applicable to Switching properties of various electronic banking channels are given. Applications to   
Semi-Markov System, Birth and Death Models and Queuing Models are provided. 
 
2. Semi-Markov Process: Basic framework of semi-Markov process which is used to model MSS 
can be seen in Chacko and Manoharan (2009). For a continuous time Markov process {Yt } with state 
space S, a countable set with a partial ordering, and transition matrix P, we say the Markov process is of 
monotone paths if P(Yt > Ys) = 1 for t > s. Define D, a subset of S, to be an  increasing set if   and  

, then    This Markov process is stochastically monotone if and only if   
for all increasing sets D. For a state i and a set D define TD(i) to be first passage time from the state i to 
D, with TD(i) = 0 if   and TD(i) = 1 if D is never reached. Brown and Chaganty (1983) proved that, if 

 is a stochastically monotone Markov chain with monotone paths on the partially ordered 
countable set S, and D is an increasing set with the complement of D in S finite, then TD(i), the first 
passage time from state i to set D, is IFRA. 
 
Let  be a set representing the state of the MSS and probability space with probability 
function P, on which we define a bivariate time homogeneous Markov chain 

, Xn}, takes values of E and Tn on the half real line R+ = [0; ), with 
 Put Un = Tn –Tn-1 for all n . This Markov process is called a Markov renewal process (MRP) 

with transition function, the semi-Markov kernel, Q = [Qij ]; where 
 and  

 
Now we consider the semi-Markov process (SMP), as defined in Pyke (1961). It is the generalization of 
Markov process with countable state space. SMP is a stochastic process which moves from one state to 
another of a countable number of states with successive states visiting form a Markov chain, and that 
the process stays in a given state a random length of time, the distribution of which may depend on this 
state as well as on the one to be visited in the next. 
 
Define ; it is the semi-Markov process 
associated with the MRP defined above. In terms of Z, the times T1, T2,... are successive times of 
transitions for Z, and X0, X1, X2,...are successive states visited. If Q has the form 

for some function , then the process Zt is a Markov process. That is, in a Markov process, the 
distributions of the sojourn times are all exponential independent of the next state. The word semi-
Markov comes from the some what limited Markov property which Z enjoys, namely, that the future of 
Z is independent of its past given the present state provided the "present" is the time of jump. 
 
Let Iij =indicator function of : Define the transition probability that system occupied state  
at time t > 0, given that it is started at state i at time zero, as,  

where  and 
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To obtain the reliability function of the semi-Markov system described above, we must define a new 
process, Y with state space   where U denotes set of all up states  and  Δ is the absorbing 
state in which all the states  of the system is united. Let TD denote the time of first entry to 
the down states of Z process. 
That is, 

 
Let , a unit row vector with appropriate dimension. The process Yt is a semi-Markov 
process with semi-Markov kernel 

 

 

We denote  where 

The reliability function is 

This function is used in various ageing property characterizations. 
 
3. NBU and NBUE Properties: The sojourn time of the MSS in each state or from one state to 
another in a semi-Markov setup is a random variable. Consider the random lifetime of the MSS, TD, the 
first passage time to the down state from upstate U, with distribution F. In the following we assume that  

 pij(t) is continuous in t. 
 
Theorem 3.1: For a semi-Markov system  with first passage time distribution F, then F is Bathtub shaped 
failure rate model if  is increasing in t, for  and 

 for  

Proof: It follows from Theorem 1 and Theorem 2 of Chacko and Manoharan (2009). 
 
Now we obtain a sufficient condition for the distribution of semi-Markov system to be NBU (NWU). 
 
Theorem 3.2: For a semi-Markov system with  transition probability functions,  
pij(t)  and first passage time distribution F, F is NBU (NWU) if  
 

 

Proof: We have 

 

 
A life distribution is NBU(NWU) if . Then, if 

 

 
Hence the proof. 
Now we prove a   sufficient condition for the NBUE (NWUE) property of first passage time distribution 
of the semi-Markov system. 
 
Theorem 3.3: For a semi-Markov system with  first passage time distribution F, F is NBUE(NWUE) if    
 

 

Proof: We have 
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A life distribution is NBUE(NWUE) if . Then, if 

 

Then, first passage time distribution is NBUE(NWUE). 
The probability density function of first passage time distribution is 
 

Using Glaser’s technique, 

= ) . 

 
The function  can be used for identification of failure rate model, which is in terms of transition 
probability function.  
 
Major application of the above results is in maintenance policies such as age and block replacement 
policies. A variety of applications of NBU, NBUE etc distributions in maintenance policies of a binary 
system can be seen in Barlow and Proschan (1996). Under the NBU property the expected number of 
failures will be less under block replacement than under age replacement. When we identify the 
distribution of semi-Markov system is NBU or NWU, it will be easy to employ suitable maintenance 
policies according to the above theorems. We consider some examples that arise in practical 
applications. 
 

Example 3.1: Consider a Markov process in continuous, Birth and death process time and discrete  state 
space ; given in Doob (1953), p.241. The system start in state '1' at time zero and as it enters 'M', 
it remains there. Consider the intensity matrix, Q = [Qij ]; with entries qij = 0; , 

, qii+1 = q; and qM = 0: The Kolmogorov's system of differential equation becomes, for 
 and we take u = 0, 

 

with initial conditions, ; the indicator of : Then, pMk(t) = 0; 
; pMM(t) = 1 and it is easily verified that the solution is 

 

                                                  = 

which is increasing initially (i. e., system is DFR) for t < t0, where t0 is the time at which     ( i. 
e., the time at which  and then decreasing in t > t0 (i. e., system is IFR) for 

, the set of acceptable states. Here the process has BFR first passage time distribution. 
As a further application, consider  continuous time Markov chain with states 0, 1, . . . for which the 
transition rate   whenever |i-j| >1 is called a birth and death process.  When a birth occurs, the 

process goes from state i to i + 1 ( i= . When a death occurs, the process goes from state i to state i-1 
(µi= ). The process is specified by birth rates i, i and death rates {µi, i . The state transition 
diagram can be shown as 
 



Mathematical Sciences International Research Journal Volume 7 Spl Issue                   ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Referred) International Journal | SE Impact Factor 2.73             |    53 
 

 
Given the size of the population n, the probability of an increase (in an infinitesimal time period) is 
                    P {increase n → n +1 in (t, t+∆t)}= ∆t + o(∆t)         (n ≥0), 
and probability of a decrease is 
                    P {decrease n → n−1 in (t,t+∆t)}= ∆t + o(∆t)(n ≥1). 
Therefore 
                    P {no change in (t, t+∆t)} = 1−( + )∆t + o(∆t) 
and  

=  

 = +          ( = ) 
Substituting for  and , the intensity matrix  is 

 

Using the Kolmogorov forward equation, we can derive the differential-difference equations for the 
birth-death process: 

 

 

 

 

To find the steady-state solution to a birth-death process, set  and .Then we get 

 

 
Generalizing, we get  

 

 

                                                                                                                 (1) 

Since probabilities must sum to 1, it gives 

 

Probability of system being in up state at time t is 

Limiting Probability of system being in up state  is 

 
The M/M/1 model is a Poisson-input, exponential-arrival & departure, single-server queue. The density 

functions for the interarrival and service times are given respectively as , 
where 1/λ is the mean interarrival time and 1/µ is the mean service time. Interarrival and service times 
are exponential, and the arrival and conditional service rates are Poisson, we have  
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P{an arrival occurs in an infinitesimal interval of length ∆t}= λ∆t + o(∆t)  
P{more than one arrival occurs in ∆t}= o(∆t) 
P {a service completion in ∆t given the system is not empty}= µ∆t + o(∆t)  
P {more than one service completion in ∆t given more than one in the system}= o(∆t) 
The M/M/1 problem is a birth –death process with  and  for all n. Arrivals considered as 
“births “and departures as “deaths” to the system. If the system is in state n and an arrival occurs state is 
changed to n+1. Similarly for departure, state n is changed to n-1.  
The state transition diagram can be shown as 
 

 
 
The steady state equations are found to be 

 
 

 
or 
 

 

 

 

To solve the steady-state difference equations for { }, use equation (1) with  and 
 for all n. Then we get 

 

 

 

Now the steady state probability of the system being empty is  

 

and hence, 

 

Limiting Probability of system being in up state  is  

 

In particular, Consider a continuous time Markov process  with state space   
such that the process stays in state i for a random length of time whose distribution is exponential with 

mean   then moves to state (i+1); this continues until down state M is reached. Consider the intensity 

matrix 
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The last row (0; 0,…, 0) means that state {M}is absorbing. Bhat (2000), p.197, obtained the forward 
Kolmogorov's differential equation, with initial conditions p00(0) = 1; as 
 

,  
Then, 

 

The nature of the above transition probability functions shows the first passage time is NBU (NWU) or 
NBUE (NWUE).. 
 
The results mentioned above has application in Banking sector. Consider  a person that has four possible 
performance level, New Generation Bank (state 0), Nationalized Bank (state 1), Kerala Based Bank (state 
2) and Other  (state 3).  Times to switch are distributed exponentially with parameters, λ01 = 10-3 , λ12 = 
5.10-3 , λ23 = 2.10-3 . After switching several times due to unsatisfactory performance of banking channels, 
the customer shall reach a steady state.  The banker may consider his state as down state and all other 
states as  the up state. The first passage time to a particular state is a random variable. The time of first 
entry is quite interesting, the distribution and probability computations are important in the banking 
sector. Steady state probability computation is the direct application of Markov process.  
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