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Abstract: The paper intends to introduce nano feebly open sets, nano feebly continuous functions and 
discuss some of its properties. Futhermore, we study their characterization and other results using the 
concepts of feebly open sets, feebly closed sets, feebly continuous functions. 
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1. Introduction: The notion of semi-open sets and semi-continuity was first introduced and investigated 
by Norman Levine  in  a subset  of a topological space  is said to be semi-open  if there 
exists an open set G of  such that  and is said semi-closed if there exists a closed set G 

such that  The complement of a   semi-open set is said to be semi-closed. In   S.G. 
Crossely and S.K. Hiidebrand  introduced the concepts of semi-closure, denoted by  and 
defined to be intersection of all semi-closed sets containing  Later, in  S.N. Maheswari and P.C. 
Jain  introduced the concepts of feebly open and feebly closed set in the topological space  a set 

 in  is said to be feebly open if there exists an open set  such that  In  Pawlak 
introduced the concept of rough sets. Rough sets were made by lower and upper approximations. Using 
Pawlak rough set, Lellis Thivagar  introduced the new concept  called nano topological space which 
was defined in terms of approximations and boundary region of a subset of a universe  using an 
equivalence relation . The elements of a nano topological space are called the nano open sets and its 
complements are nano closed sets. The topology introduced here is named so because of its size, since it 
has atmost five elements in it. Finally, we define the new notion namely nano feebly open from the 
concepts of nano topology and also nano feebly continuous functions and its properties. 
 
2. Preliminaries: Now we would like to present some basic notions of feebly open sets and feebly 
continuous functions and nano topology. 
 
Definition 2.1 [5]: A subset  of a topological space  is said to be feebly open set  if 

 

 
Definition 2.2 [5]: A subset  of a topological space  is said to be feebly closed set  if 
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Definition 2.3 [5]: A mapping is feebly continuous if the inverse image by  of each 
open set  of  is feebly open in . 
 
Definition 2.4 [3]: Let  be a non-empty finite set of objects called the universe and  be an equivalence 
relation on  named as the indiscernibility relation. Elements belonging to the same equivalence class are 
said to be indiscernible with one another. The pair  is said to be the approximation space. Let

. 
1. The lower approximation of X with respect to R is the set of all objects, which can be for certain 

classified as X with respect to R and it is denoted by   
That is  where  denotes the equivalence class determined by . 

2. The upper approximation of X with respect to R is the set of all objects, which can be possibly classified 
as X with respect to R and it is denoted by  That is,      

3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as 
 nor as not-  with respect to R and it is denoted by  That is,  

 
Definition 2.5 [3]: Let  be an universe,  be an equivalence relation on  and  

 where   satisfies the following axioms: 
1. . 
2. The union of the elements of any sub collection of  is in  
3. The intersection of the elements of any finite sub-collection of    is in   
That is,  forms a topology on  called the nano topology on  with respect to  We call  
as the nano topological space. The elements of   are called nano open sets. 
 
Definition 2.6 [3]: If  is a nano topological space with respect to  where  and if , 
then the nano interior of  is defined as the union of all nano open subsets of  and it is denoted by 

. That is,  is the largest nano-open subset of  The nano closure of  is defined as the 
intersection of all nano closed sets containing  and it is denoted by . That is,  is the 
smallest nano closed set containing . 
 
Proposition 2.7 [3]: Let  be a non-empty finite universe and .  
1. If  and  then the indiscrete nano  topology on   
2. If  then the nano   topology  
3. If  and then   
4. If  and then   
5. If where  and  then  is the 

discrete nano topology on   
 
Definition 2.8 [2]: Let  and  be two nano topological space then a mapping 

 is said to be nano continuous on  if the inverse image of every nano open set in  is nano open in . 
 
Definition 2.9 [2]: Let  be a nano topological space and . Then  is said to be 
1. nano semi-open if  
2. nano pre-open if  
3. nano semi pre-open if  
4. nano regular open if  
5. nano α-open if  
The complements of above nano open sets are called respective nano closed sets. 

 

Definition 2.10 [2]: Let  be a subset of a nano topologival space  An element  is said to 

be a nano semi-interior point of  if  for some nano semi-open set  such that  The set of all 
nano semi-interior points of  is called the nano semi-interior of  and is denoted by  
Definition 2.11 [2]: The nano semi closure of a subset  of  is defined as the smallest nano semi-closed 
set containing  and is denoted by  
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3. Nano Feebly Open Sets: Here we introduce the new notion namely nano feebly open sets and nano 
feebly closed sets, also some of its properties. 
 

Definition 3.1: Let  be a nano topological space and Then  is said to be nano feebly 

open set if   In short, we denote       

Definition 3.2: Let  be a nano topological space and  Then  is said to be nano feebly 

closed set if  It is denoted by  

Example 3.3: Let  with  and  Then the nano 

topology and the nano closed are  Thus, the nano 
semi-closed are  Then the and 
the   
 

Example 3.4: Let  with          and  Then the nano 

topology and the nano closed are  Thus, the nano semi-closed 
are  Then the and the 

 
 
Remark 3.5: 
1. Every nano open set is nano feebly open. 
2. Every nano closed set is nano feebly closed. 
 

Proposition 3.6: Let  be nano topological space,  then  is nano feebly open iff 

 

 

Proposition 3.7: Let  be nano topological space  then  is nano feebly closed iff 

 

 

Proposition 3.8: Let  be nano topological space,  if  then  

 

Theorem 3.9: If  and  in a nano topological space   then the nano feebly 

open set forms a similar nano topology in  

Proof : Let  be a nano topological space, since  and That is, 

Here, we need to prove that nano feebly open sets forms a nano topology. Let  
such that  and  If , then it is obvious that  is nano feebly open set in  Therefore, let 

 when   since the largest open subset of  is  and hence            

 That is,  is not a nano feebly open in  When  then  Thus 

the nano semi-open is  and the nano semi-closed is  

Therefore,  That is,  Therefore,  is 

not a nano feebly open in  Similarly, it can be shown that any set  and   is not a 
nano feebly open in  If  has no element of  and  then  and hence  is not a 
nano feebly open in  Thus  are the only nano feebly open sets in  Therefore, nano 
feebly open set forms a similar nano topology when  and      
  

Theorem 3.10: If  and       in a discrete nano topological space , then the 

nano feebly open set forms a discrete nano topology in  

Proof: Let  be a discrete nano topological space, since  and       That is 

. Let  when  is not belongs to  and  

Then   and  Therefore,   That is,  is not a nano 

feebly open in  When            , then  belongs to either  or  (Since  

and ). If  then  and  Therefore,  
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 That is,  is not a nano feebly open in  If      , then  and the 

nano semi-open is  So the nano semi-closed is  

Therefore, =  That is,   Therefore, 

 is not a nano feebly open in  Similary, we can show that any set                  and   
is not a nano feebly open in  When  then  and the nano semi-open is 

 So the nano semi-closed is  Therefore, 

 Thus  hence  is a nano feebly open in  When  

then  and the nano semi-open is  So the nano 

semi-closed is  Therefore,  

 Thus  hence  is a nano feebly open in  Similarly, we can show that the 

set  is a nano feebly open set in  Thus,  are the only elements in 
nano feebly open sets. Therefore, nano feebly open form a discrete nano topology in  
 
Remark 3.11: 

1. If  and  in a nano topological space  then the nano feebly open is also 

 and  
2. If  then the nano feebly open set is not necessary to form a nano topological space. 
 
Example 3.12: Let  with       and  Then the nano topology, 

 and the nano closed sets are  Thus, the nano semi-closed are 
 Then the nano feebly open sets = 

 
 

Proposition 3.13: Let  be a nano topological space, if  is nano open and  is nano feebly open 

subsets of , then  is nano feebly open in  and  
Proof: Since  is nano feebly open in  then there exists a nano open set  in  such that 

 then  But  then 
 Hence  is nano feebly open in  and    

 

Proposition 3.14: Let  be a subspace of a nano topological space  then every subset  of , 

which is nano feebly open in  be nano feebly open in , where  is nano open in  

Proof: Since  is nano feebly open in  then there exists an open set  in  such that  
Since  is nano open in  and  is subspace of  then  where  is nano open in  By 
hypothesis  is nano open in  then  is nano open in  Thus  is nano open in  then  is nano 
feebly open in    
 
4. Nano Feebly Continuous Function: In this section we shall now derive nano feebly continuous 
functions and its related properties. 
 

Definition 4.1: A mapping  is nano feebly continuous if the inverse image by 

 of each nano-open set in  is nano-feebly open in  
 

Example 4.2: Let  with          and  Then 

and the nano closed sets in  are  Thus, the nano semi-

closed sets are  Then the  Let 

 with  and  Then  Define  as 

 Then i.e., the inverse image 
of every nano-open set in  is nano-feebly open in  Therefore,  is nano feebly continuous.  
 

Example 4.3: Let  with  and  Then  

and the nano closed sets in  are  Thus, the nano semi-closed sets are  Then 

the  Let  with  and 
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 Then  Define  as   
 Then i.e., the inverse image of 

every nano-open set in  is nano-feebly open in  Therefore,  is nano feebly continuous. 
 

Proposition 4.4: If  is nano feebly continuous iff the inverse image of every 

closed subset of  is nano feebly closed in  
 
Theorem 4.5: Every nano continuous mapping is nano feebly continuous mapping. 

Proof: Let  is nano continuous mapping. To show  is nano feebly continuous, 

let  be any nano open subset of . Since  is nano continuous then  is nano open in  then By 
Remark ,  is nano feebly open. Hence  is nano feebly continuous. 
 
Remark 4.6: The converse of above theorem is not necessarily true, for illustrates that, it is easy by using 
Example 4.3. 
 

Theorem 4.7: If  is nano feebly continuous iff        for 

every  

Proof: We know f is nano feebly continuous. Since  is closed in  then by  proposition   

is nano feebly closed in  and therefore by proposition  

 Now  thus by proposition   

according to equation  we get,  then  Conversely, let 

 for every . Let  is closed set in  then  let  be any subset of 

then by hypothesis  thus  but 
 always, thus therefore, by proposition   is 

nano feebly closed in  hence by proposition   is nano feebly continuous. 
 

Theorem 4.8: A mapping  is nano feebly continuous, if 

 for all  

Proof: We have  for all  to prove  is nano feebly continuous, let  

is nano open in  then  is nano feebly open, thus by proposition   since 
 then     but 

 always, thus  therefore, By proposition   is nano feebly 
open. Hence  is nano feebly continuous. 
 

Theorem 4.9: Let  if  for every  then  is 

nano feebly continuous. 
Proof: Let  be any closed set in  then by Remark   is nano feebly closed set. By proposition 

  is a subset of  and by hypothesis 

 Therefore,  but  
Hence  then by proposition   is nano feebly closed in  Therefore, by 
proposition   is nano feebly continuous. 
 

Theorem 4.10: Let  be a nano feebly continuous and  be a nano open subset 

of Then              defined by  for all  is nano feebly continuous. 
Proof: Let  be any nano open set in . Then there exists a nano open set  in  such that 

 Consequently   
 From this we have  Since  is nano feebly continuous then 

 is nano feebly open in  then by proposition               is nano feebly open in  
and  thus  is nano feebly open in  
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Theorem 4.11: Let  and  be two nano topological spaces and let . Also 

 and  be nano feebly continuous maps provided  and  are nano open set in  then 

 is nano feebly continuous. 

Proof:Let Let  and  be two nano topological spaces and  then  and 

 be nano feebly continuous and  be nano open in  To prove  is nano feebly continuous, it is 
sufficient to prove inverse image of open set in  is nano feebly open in  Let  be nano open, by 
our hypothesis  and  are nano feebly continuous maps, then  and 

 are nano feebly open subsets of  and  respectively. Since  and  are nano open subspaces 
of  then by proposition   and  are nano feebly open subsets of  Since 

 then  therefore,  is nano feebly open in  
 
5. Conclusion: In this paper, we have introduced the new notions namely nano feebly open sets and nano 
feebly continuous functions. We find that the nano feebly open set forms a nano topology except when 
lower approximation is equal to upper approximation. In future, using these concepts we can develop the 
properties in real life applications. 
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