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Abstract: Fuzzy transforms developed by Irina Perfilieva is a novel, mathematically well founded soft 
computing tool with many applications. In this paper, we introduce a new method for numerical 
solution of first order ordinary differential equation by using B-spline based fuzzy transform. By using 
this method we reduce the problem of solving differential equations to linear system of equations. 
Finally we give two examples to study the accuracy of the proposed method. 
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Introduction: In classical Mathematics, various types of transforms are introduced (e.g. Laplace 
transform, Fourier transform, wavelet transform etc.) by various researchers. In 2001 Irina Perfilieva 
introduced fuzzy transform in her paper [3]. Latter on fuzzy transform is applied in to various fields, like 
numerical solution of differential equations, image processing, data mining etc. in the papers [6, 11]. 
Different types of approximation properties of the F-transforms are studied by I. Perfilieva in [7] and she 
established that F-transforms are capable to accurately approximate any continuous function. Later on 
B. Bede and I.J. Rudas enlarge the class of F-transforms by considering different shapes and not 
necessarily small support for the atoms of the fuzzy partition in [2] and they also defined a new F-
transform based B-splines. The advantage of the B-spline based F-transform is that it has better 
smoothness property in comparison to F-transform. 
 
In this paper we will apply B-spline based F-transform for numerical solution of differential equation. 
Here we develop a new technique based on B-spline F-transform to approximate the unknown function 
f(x), which is the solution of the differential equation. In the next section we give some basic definitions 
of B-spline functions and its properties. 
 
B-Spline And B-Spline Based F-Transforms: The underlying core of the B-spline is its basis or basis 
functions. The original definition of the B-spline basis functions uses the idea of divided differences and 
is very difficult to evaluate. But in 1970 Carl De Boor established a recursive definition for the B-spline 
basis functions. By applying the Leibniz theorem, De Boor was able to derive the following two stage 
definition for B-spline basis functions. 
 
Definition2.1: Suppose t = (t0 , t1, t2, … ) , be the knot vectors on the real line. Then the B-spline basis 
function Bj,d (u) is defined as follows: 
         1.  when d = 1 

                   Bj,1 (u) =  

          2.  when  d > 1 

                  Bj,d (u) = Bj,d ‒1 (u)  +     Bj+1,d‒1 (u) 

where  d ‒ 1 is called the degree of the B-spline. 
 
Definition2.2:  Let ( ti ) be a set of given knots in the real line. A quadratic B-spline basis function 
defined on ( ti ) is of the following form: 
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Bj, 3 (u) =  

 

Example2.1: Let  , are the knots in the real line. Then the graph of the 
quadratic B-spline basis functions defined on these knots are given below: 
 

 

 
 

If the knots are from  to , then for a set of  n +3 control points P0 , P1 , P2, ……Pn+2, one can 
construct a quadratic B-spline curve C(t) as follows 

C(t) =  ,  

 

Theorem2.1 ([2]): Let be a sequence of ponts in a given interval [a, b]. Let 

 = a  and b=  be some extra knots. Then the 

range of the B-spline basis functions is   , "  and   

 , "  

 

Definition2.3 ([2]): Let [a, b] be an interval of real numbers and  x1 < x2 < …..< xn be fixed nodes within 
[a, b] such that x1 = a, xn = b and  n ≥ 2 .We say that fuzzy sets A1, A2, ……, An  identified with their 
membership functions  A1(x), A2(x), ……,An(x)  and defined on [ a, b] form a fuzzy partition of [ a, b] if 
they fulfill the following conditions for i = 1,2,……n 
1. Ai(x) is continuous 

2.  i(x) = 1, for all x 
A fuzzy partition where  Ai(x) are B-spline basis functions is called B-spline fuzzy partition. 
 

Definition2.4 ([2]):  Let f(x) be a continuous function defined on [a , b] and  for 

 are B-spline basis functions which forms a uniform B-spline fuzzy partition of [a, b]. Then the 
real numbers  

F i  =   , for  

are called continuous B-spline based fuzzy transforms of  f with respect to the given B-spline basis 
functions. 
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Definition2.5 ([2]): Let f(x) be a continuous function on [a , b] and  for  are 

B-spline basis functions which forms a uniform B-spline fuzzy partition of [a, b]. Then the real numbers  

F i=        ,   

(where xi ‘s are given knot vectors on [a, b] and m ³ n) are called discrete B-spline based fuzzy 
transforms of  f with respect to the given B-spline basis functions.  
 

Definition2.6 ([2]): Let f(x) be a continuous function defined on [a , b] and  for 

 are B-spline basis functions which forms a uniform B-spline fuzzy partition of [a, b]. Let the real 

numbers ,  are the corresponding B-spline fuzzy transform 

of f with respect to  for  . Then the function  

  

is called the inverse continuous B-spline fuzzy transform of  f . 
 
Theorem2.2 ([2 ]):  Let  f(x) be a continuous function defined on [a , b]. Then for any ε > 0 there  

exist nε and a B-spline fuzzy partition  for  of [a, b] such that for all 

  x Î [a ,b] 

 

 
Proposed Method for Numerical Solution of Differential Equation: In this section, we show that 
how the B-spline based fuzzy transform can be used for solution of 1st  order ordinary differential 
equation. 
Consider the following differential equation: 

 =                                                                            (1) 

 = c ,   
and here we show that this differential equation can be solved by using B-spline based fuzzy transform 
on a given domain [a, b]. 
 
For solving the above equation we need a uniform B-spline based fuzzy partition of the domain [a, b] . 

Let     be fixed nodes within the domain. For using cubic   B-spline based 
fuzzy partition we need four extra knots two on the right hand side of the domain [a, b] and other two 

on the left hand side of the domain [a, b]. Let these extra knots are , ,    ,  on the left and 

right side of the domain respectively. Now by using these knots   

and taking r = 3, we can form the B-spline fuzzy partition of [a ,b] , as basis functions (x), 

(x), (x), (x), (x) (x), (x),  which are defined by using the 

Definition 1.1.7. Here we also assume that all the node points are equidistant, i.e.  = h (say). 

Now we approximate  and  by the following formula 

   +                                                       (2) 

 

Denote  as a new function and if we apply the B-spline based F-transform on both 
sides of equation (4), then by using these new function and by linearity of B-spline based F-transform, 

we obtain the relation between the B-spline fuzzy transform components of y, y1 and  as follows  

Fn [ ] =        +                              (3) 

where,       Fn [ ]  = [ ],    = [ ] and  Fn[y] = 

[ ],  

are the B-spline based fuzzy transform components of  ,  and y respectively. Note that these vectors 

are two components shorter since y1 may not be defined on [  ] . 
Now by using the definition of B-spline based fuzzy transform it can be easily proved that, 

   ,   for . 
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Indeed, the proof is simple so we omit the proof. 

 Therefore, we can write the components of the B-spline based  F-transform of  via components of the 
B-spline based F-transform of y. So, we can write the equation (6) component wise as 

 =   , for   . 

Now, for    , we introduce the following system of linear equations. 
 

                                 =     

                                   =     

                                   =     

                                      

                                  =    

The above system can be written in matrix form as  

 =   D                                 (4) 
 

where, D is the   matrix, given by  
 

        

 
Now, by using equation (4) and equation (1), we can write 

D =   [  

where,  are the corresponding fuzzy transform components of . 

Now we use the initial conditions and make the matrix D as   matrix. 
The initial condition given as, 

y(x1) = c ,   Þ Y1 = c   

By using the above initial conditions, we make the matrix D as square matrix of order n´n and also write 
the system of linear equations as 

 =     [                                       (5) 

 

        where,          

 
Now, we solve the system of linear equation (8) by using any numerical techniques. Note here that the 

solution must exist since  is a invertible matrix. 
 
Note 4.1: Here for solving both the systems of linear equations we need the value of Fi, which is the B-

spline based fuzzy transform components of the function , with respect to x, therefore  Fi will be 
dependent on y also. For overcoming these difficulties we approximate Fi as   
 

 =     

 

That means here we have assumed the value of the function y as constant for the interval ( ). 
Here we omit the proof that Fi ‒ Fiʹ = O(h

2
).  

Now after evaluating all the fuzzy transform components of y, we will find an approximation of the 
function y by using inverse B-spline based fuzzy transform. 
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Numerical Examples of the Proposed Method for Solving Differential Equation: In this section we 
present an example of the numerical solution of 1

st
 order ordinary differential equation by using our 

proposed method. We use the software “Matlab” for computing the example. 
 
Example 4.1:  Consider the following differential equation 

             

We want a solution of the above differential equation on the interval [0, 1]. 
Now for solving the above equation we need a B-spline based fuzzy partition of the domain [0, 1]. For 

doing these we first take some equidistant nodes from [0, 1], and let these nodes are

. Since for cubic B-spline we need four extra knots and we take these 

extra knots are  Now by using these knots  

 and taking r = 3, we can form the B-spline fuzzy partition of [0 ,1] , as 

basis functions  (x), (x), (x), (x), (x), (x) , (x),  which are defined 

by using the Definition 1.1.7.  
Since here we have taken h= .2 and n =6, thus equation (8) can be written as  

 =     [  

 

Where  is as given above, with h = 0.2. The above system of equation can be written in linear form as  

 

 

 

 

 

 

 

 

Now for finding the values of , we need the values of , which are 

the B-spline based fuzzy transform components of the function . By using the 

Definition 4.1.6 and Note4.4.1 we evaluate the values of  and the corresponding 

values are and by using these values we evaluate the values of  , and the 

corresponding values are  

. 
Now the solution of the differential equation is approximated by the following formula (inverse B-spline 
based fuzzy transform) 

(x) +1.04´ (x) +1.3416´ (x) +1.622´ (x) +1.99´ (x) + 2.56´ (x) 

´ (x)  . 

The graph of our approximated solution  and   the exact solution is given below: 
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Figure 4.1: Graph of the exact solution of the differential equation and its approximated solution  
by using B-spline based fuzzy transform 

 
Example 4.2:  Consider the following differential equation 

 

 We want a solution of the above differential equation on the interval [0, 1]. 
Now for solving the above equation we need a B-spline based fuzzy partition of the domain [0, 1]. For 

doing these we first take some equidistant nodes from [0, 1], and let these nodes are

. Since for cubic B-spline we need four extra knots and we take these 

extra knots are  Now by using these knots  

 and taking r = 3, we can form the B-spline fuzzy partition of [0, 1], as 

basis functions  (x), (x), (x), (x), (x), (x), (x),  which are defined 

by using the Definition 1.1.7.  
Since here we have taken h= .2 and n = 6, thus equation (8) can be written as  

 =     [  

 

Where  is  given as above in equation (8), with h = 0.2. The above system of equation can be written 
in linear form as  
 

 

 

 

 

 

 

 
 

Now for finding the values of , we need the values of , which are 

the B-spline based fuzzy transform components of the function . By using the 

Definition 4.1.6 and Note 4.4.1 we evaluate the values of  and the corresponding 

values are  
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And by using these values we the values of  , and the corresponding values are  

. 
Now the solution of the differential equation is approximated by the following formula (inverse B-spline 
based fuzzy transform) 

(x) +1.1´ (x) +1.4´ (x) +1.9´ (x) +2.38´ (x) + 3.131´ (x) 

´ (x). 

The graph of our approximated solution  and   the exact solution is given below: 
 

 
 

Figure 4.2: Graph of the exact solution of the differential equation and its approximated solution by 
using B-spline based fuzzy transform 

 
Conclusion: In this paper he have introduced a new method for solving first order differential equation 
by using B-spline based fuzzy transform and particular example is also given.  
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