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Abstract: An intersection cordial labeling of a graph  with vertex set  is an injection  from  to the 
power set of  such that if each edge  is assigned with  if   and  otherwise; 
Then the number of edges labeled with  and the number of edges labeled with  differ by at most 1. If a 
graph has intersection cordial labeling, then it is called intersection cordial graph. In this paper, we 
proved intersection cordiality of some operations on graphs. 
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Introduction: By a graph, we mean a finite, undirected graph without loops and multiple edges and for 
terms not defined here, we refer to Harary [4].  Here we consider only connected graph.  
 
Let  be a set and  be the collection of all subsets of , called the power set of . If  is 
a subset of , we denote it by , otherwise by  Note that  contains  subsets.  
 
Graph labeling [3] is a strong communication between Algebra [5] and structure of graphs [4].   By 
combining the set theory concept in Algebra and Cordial labeling concept in Graph labeling, we 
introduced a new concept called intersection cordial labeling [6].  
 
A vertex labeling [3] of a graph  is an assignment of labels to the vertices of  that induces each edge 

 a label depending on the vertex label  and . Graceful and harmonious labeling are two well 
known labelings.  
 
Cordial labeling is a variation of both graceful and harmonious labeling [1]. 
 
Definition 1.1: Let  be a graph. A mapping  is called binary vertex labeling of  
and is called the label of the vertex  of  under  
 
Let  and   be the number of vertices of  having labels  and  respectively under  and  

and  be the number of edges having labels   and  respectively under  . 

The concept of cordial labeling was introduced by cahit [1]. 
 
Definition 1.2 [1]: For an edge , the induced edge labeling   is given by 

  A binary vertex labeling of a graph  is called a cordial labeling if  
 and  . A graph is cordial if it admits cordial labeling. 

 
Definition 1.3 [8]: Let  be a set. Let  be a simple - graph and  
be an injection. Also, let . For each edge , assign label 1 if either  or 
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  otherwise assign 0 if  is not a subset of  and  is not a subset of ,  is called subset 
cordial labeling if  

 
A graph is called a subset cordial if it has a subset cordial labeling [8]. 
Motivated by the above definition, we defined intersection cordial labeling in [6].  
 
Definition 1.4 [6]: Let  be a set. Let  be a simple - graph and   
be an injection. Also, let . For each edge , assign label 1 if  and 0 
otherwise.  is called intersection cordial labeling if  

A graph is called an intersection cordial graph if it has an intersection cordial labeling. 
The following results have been proved in [6] and it will be used proving some results in this paper. 
 
Theorem 1.5 [6]: The star graph  is intersection cordial. 

 
Theorem 1.6 [6]: The path  is intersection cordial. 
 
Theorem 1.7 [6]: The cycle  is intersection cordial.  
 
2. Main Results: In this section, we will prove intersection cordiality of some operations on graphs such 
as subdivision of star, - graph, splitting graph of path, splitting graph of cycle, helm graph and closed 
helm graph. 
 
Definition 2.1: The subdivision graph  of a - graph  is obtained by subdividing each edge of 

 only once. Note that  has  vertices and  edges. 
First, we will prove the subdivision of star graph is intersection cordial. 
 
Theorem 2.2: The subdivision of a star graph is intersection cordial. 
Proof: Let  Consider the star graph . Assume that   

Then . Note that  has  vertices and  edges. 

 Let  be the center of the star graph  and ,  be the end vertices and let 

,…  be the subdivisional vertices of . Now we assign  subsets of  to the vertices of 

) as follows. Assign emptyset  to the center  and  subsets of  to the 

subdivisional vertices  Then we see that the edges   receive the label 

0. Next add the element  to each subset of   and assign these subsets to the 
corresponding end vertices ,  

 
That is if the subset  of  is assigned to the subdivisional vertex  then we assign the 
subsets  of   to the vertex . Then we see that the edges  (1  receive the 
label 1. 
 

Then  and  Thus the subdivision of star graph is 

intersection cordial.   
                                                                                                           □ 
Note 2.3: In the Theorem 2.2, we are not using all the subsets of   to the vertices of because 
it has  vertices. 
 
The intersection cordiality discussed in the Theorem 2.2, is explained in the following example. 
 
Example 2.4: Intersection cordiality of  is given below. 
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Fig 2.1: Intersection Cordial Labeling of Subdivision of Star  

 

Here, we have   and  

Thus  is intersection cordial. 
Next, we will give the definition of - graph. 
 
Definition 2.5: The - graph of a path  is the graph obtained from two copies of  with vertices 

,  and ,…  by joining the vertices  and  if  is odd and the vertices  and  if 

 is even. 
 
Theorem 2.6: The - graph of a path   is intersection cordial. 
Proof: Let  The - graph of a path  is the graph obtained from two copies of 

 with vertices ,  and ,…  by joining the vertices  and , since  is even. 

Consider the one copy of a path , as in the Theorem 1.6, label all the vertices of  by all the subsets 
of  Now add the element  to each subset of  and correspondingly label these 
subsets to the other copy of . 
 
By the construction we see that all the edges in the second copy of  receive the label 1 and so we did 
not get the intersection cordiality. To make intersection cordiality, we interchange the labels of  and 

 for . 
 
Now we see that the labels of edges of the second copy of  is same as the corresponding labels of the 
edges of the first copy of  . 
 
The following table shows the distribution  of  and  to the edges of - graph. 
 

Table I:  Edge contribution of -graph 

Edges   

Edges of the first copy of    

Edges of the second copy of    

The middle edge  0 1 

Total   
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Thus . Hence the -graph  is intersection cordial.                                           □ 

 
Example 2.7: Let . Consider the - graph of a path . First we label the vertices as follows. 
 

 
Fig 2.2: Intersection cordial labeling of -  graph of   

 

Here, we have   and .  

To make intersection cordiality, we interchange the labels  and  for  
 

 
Fig 2.3: Intersection Cordial Labeling of - graph of  , After Interchanging the Labels 

 

Here, we have and . Thus the - graph of  is intersection 

cordial. 
 
Definition 2.8: For each vertex  of a graph  take a new vertex  and join  to all the vertices of  
adjacent to . The graph  thus obtained is called the splitting graph of  
Next, we will prove the spliting graph of a path is intersection cordial. 
 
Theorem 2.9: The spliting graph  of a path  is intersection cordial. 
Proof: Let  and . 
Let ,  be the vertices of the path  and ,…  be the corresponding vertices of 

,  in the spliting graph  of path . We see that   has  vertices and 
 edges. 

 
First, we label the vertices ,  of the path as in the Theorem 1.6, by the subsets of   If we 
denote the subsets of as , which are labels of the vertices for ,  then label the vertices 

,…  respectively by , which is a subset of . Thus we see that all the vertices of  
are labeled by all subsets of . 
 
As per this construction, the edges  receive the labels 0 and 1 alternately and 
the edges  receive the label 0 and 1 alternately. As per the Theorem 1.6 and this construction, the 
distribution of 0’s and 1’s to the edges of  is given in the following table. 
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Table II: Edge Contribution of Splitting Graph  

Edges   

Edges from the path  (as per Theorem 1.6)   

Edges from other than the path   (as per construction)   

Total   

 

Thus we see that  To get the intersection cordiality we 

interchange the labels of  and . Then the edge  receives the label 1 and the edge  which was 
labeled by 0 remains unchanged. 
 

Now we have   and  Thus   is intersection 

cordial.       
                                                                                                                           □ 
Example 2.10: Let  and   
The intersection cordiality of the graph   is shown in the following figure. 
 

 
Fig 2.4: Intersection Cordial Labeling of Splitting Graph  

 

Here and . Thus the splitting graph  is intersection 

cordial. 
Next, we will prove the splitting graph of a cycle is intersection cordial. 
 
Theorem 2.11: The splitting graph  of a cycle  is intersection cordial. 
Proof: Let  and . Let ,  be the vertices of the cycle  
and  be the corresponding vertices of  ,  in the spliting graph   of cycle . 
We see that   has  vertices and  edges. 
 
First, we label the vertices ,  of the cycle  as in the Theorem 1.5, by the subsets of . If we 
denote the subsets of  as , which are the labels of the vertices for ,  then label the 
vertices  respectively by which is a subset of . Thus we see that all the vertices 
of  are labeled by all the subsets of  
 
Consider any vertex  in the cycle and note that  has four neighbours in which two neighbours are in 
the cycle say,  and  and the other two neighbours say  and outside the cycle. Note that if  is 
labeled by the subset  of  and the neighbours in the cycle  and  are labeled by the subsets  

 and  of . Then we see that the corresponding neighbours   and  are labeled by the 
subsets  and  of  Also note that if   then the edge  
labeled by 0 and the corresponding edge  also labeled by 0. Since . Similarly the 
edges  and  have the same labeling. Thus we have the following contribution of the labeling of 
edges. 
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Table III:  Edge Contribution of Splitting Graph  

Edges   

In the cycle   

Out side the cycle   

Total   

 

Thus . Hence the splitting graph of a cycle is intersection cordial.                      □ 

 
Example 2.12: Let  and   . Consider the graph   As per the 
Theorem 2.11, the intersection cordiality is given below. 
 

 
Fig 2.5: Intersection Cordial Labeling of Splitting Graph  

 
               

Here  and . Thus the splitting graph  is intersection cordial. 

 
Definition 2.13: The helm graph  is obtained from the wheel graph  by attaching a pendent edge 

at each vertex of the - cycle of the wheel. 
 
Theorem 2.14: Helm  is intersection cordial. 

Proof: Let Take  Then the closed helm graph has  vertices and 
 edges. 

 
First, label the  to the apex of the closed helm. Next we label the vertices of inner cycle of the closed 
helm by the subsets of  except  to these vertices as follows. 
 
Let ,  be the vertices of the inner cycle. Label  by the whole set ,  by the one element 
set and  by its complement. Continue this process until, the 1-element subsets are exhausted. After 
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that, we label the 2- element subsets and that next by its complement. Continue this process, until the 2-
element subsets are exhausted. 

Now, continuing by labels of 3-element, 4-element subsets and this process will end upto   element 

subset if   is even. The - element subsets (   are already labeled and so the labeling is completed. 

Thus all the subsets of  are exhausted. 
 

If  is odd, we continue the above process upto - element subsets. Now, we see the labeling of edges 

of inner cycle, Clearly the labeling of the edge  is 1. Since the intersection cordiality of  and the 1-
element set is non empty. Next we labeled the vertices by the set and its complement alternately and so 
the labels  and  are labeled alternately to the edges of inner cycle. Atlast, the edge  gets the 
label 1. 
 
Add pendent edges to each of the rim vertices. Then we label the pendent vertices as follows. If the rim 
vertex of the wheel is labeled with subset  then we label the corresoponding pendent vertex by 

. Then all the pendent edges get the label 1. 
 
The distribution of labels of edges given in the following table. 
 

Table IV:  Edge Contribution of Helm  

Components   

Spokes of the Wheel  0 

Rim edges of the Wheel   

Pendent edges of the helm 0  

Total   

 

So we have . Then . Thus the helm  is 

intersection cordial.   
                                                                                                             □ 
Example 2.15. The intersection cordiality of helm  is shown in the following figure. 
 

 
Fig 2.6: Intersection Cordial Labeling of Helm  
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Here, we have  and  Thus the helm  is intersection cordial. 

 
Definition 2.16: A closed helm  is the graph obtained by taking a helm  and adding edges 

between the pendent vertices. 
Next, we prove that the closed helm graph is intersection cordial. 
 
Theorem 2.17: Closed Helm  is intersection cordial. 

Proof: Proceed the proof as in the Theorem 2.14. Now joining the pendent vertices of the helm. Now we 
see that the edges of the outer cycle get the label 1. Thus we get more labels 1 for the edges. To avoid 
this, we make the following changes. 
Let  are the corresponding vertices of ,  Now, we interchange the labels of 
the vertices  and ). Joining the pendent vertices to form a cycle, we get the closed 
helm graph. 
The distribution of labels of edges given in the following table. 
 

Table V: Edge contribution of closed Helm  

 

Components   

Spokes of the Wheel  0 

Rim edges of the Wheel   

Pendent edges of the helm 0  

Edges joining pendent vertices   

Total   

 
To get the intersection cordiality, we replace  by the subset  Now the labeling of 
the edges becomes as follows. 
 

Table VI: Edge Contribution of Closed Helm  After Interchanging the Labels 

 

Components   

Spokes of the Wheel  0 

Rim edges of the Wheel   

Pendent edges of the helm 0  

Edges joining pendent vertices   

Total   

 

So we have . Then . Thus the closed helm  is intersection 

cordial.              
                                                                                                             □ 
Example 2.18: The intersection cordiality of closed helm  is shown in the following figure. Take 

  and  
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Fig 2.7: Intersection cordial labeling of closed helm  

 

Here, we have   and  Thus the closed helm  is intersection 

cordial. 
 
Conclusion 2.19:  Next we are planning to check the intersection cordiality of graphs obtained from the 
following graph operations. 
1. Transformation of graphs 
2. Shadow graph 
3. Square, Cube and Power graphs 
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