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Abstract: The motive of this research topic is to introduce and evolve another innovative class of sets 

namely tqN -closed sets defined in terms of tqN -closure which are stronger than the class of tN -

open sets. Further the idea of tqN -open sets is extended to induce and investigate tqN -interior. 
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Introduction:  Topology is a major area of mathematics concerned with properties that are preserved 
under continuous deformations of objects such as deformations that involve stretching, but not tearing 
or gluing. In 1963, J.C. Kelly [2] established the important concept of bitopological space ie, a non-empty 

set X  equipped with two arbitrary topologies 1t , 
2t . Lellis Thivagar et al.[3] went beyond imagination 

by introducing and establishing the concept of N -topological space, namely a non-empty set X  

together with N  arbitrary topologies. He also investigated the general formula to determine the N -

topological open sets. The concept of q -open, q -closed, q -interior and q -closure were introduced by 

Velicko [5] to study the class of H -closed spaces. Later, Noiri [4] and Jafari [1] obtained several new and 
interesting results related to these sets. 

 

In this article we want to introduce and develop yet another innovative class of sets namely tqN -closed 

sets defined in terms of tqN -closure which are stronger than the class of tN -open sets. Also we 

introduce the notion of tqN -open sets and investigate tqN -interior. 
 

Preliminaries:  In this section we discuss some basic properties of N -topological spaces that are useful 

in the sequel. By a space ),( tNX , we mean a N -topological space on X  in which no separation 

axioms are assumed unless explicitly stated. 

 

Definition 2.1  [3] Let X  be a non empty set and 1t , 2t , ... , Nt  be N -arbitrary topologies defined on 

X . The collection )()(=:{=
1=1= i

N

ii

N

i
BASXSN IU ÈÍt , }, iii BA tÎ  is called a N -topology on 

X  if the following axioms are satisfied:   

  1.  tNX ÎÆ, .  

  2.  tNSii
Î

¥

U 1=
 for all tNS ii Î

¥

1=}{ .  

  3.  tNS i
n

i
ÎI 1=

 for all tNS n

ii Î1=}{ .  
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Then ),( tNX  is called a N -topological space on X . The elements of tN  are known as tN -open 

sets on X  and its complement is called as tN -closed on X . We denote ),( xXONt  as the set of all 

tN -open sets containing x  on X . The set of all tN -open sets and the set of all tN -closed sets on 

X  are denoted by tN O(X) and tN C(X) respectively.  

 

Definition 2.2  [3] The interior and closure of a subset A  of ),( tNX  are respectively defined as   

1.  tN - )(Aint  = AGG ÍÈ :{  and G is tN -open}.  

2.  tN - )(Acl  = FAF ÍÇ :{  and F is tN -closed}.  

 

Theorem 2.3 [3] Let ),( tNX  be a N -topological space on X  and let XBA Í, .  Then   

1.  tN - )(Acl  is the smallest tN  

   -closed set containing A .  

2.  A  is tN -closed if and only if                 

   tN - AAcl =)( .In particular,  

   tN - ÆÆ =)(cl  and tN - XXcl =)( .  

3.  tNBA ÞÍ - tNAcl Í)( - )(Bcl .  

4.  tN - tNBAcl =)( È - tNAcl È)( - 

   )(Bcl
 

5.  tN - tNBAcl ÍÇ )( - tNAcl Ç)( -  

    )(Bcl .  

6.  tN - tNcl( - tNAcl =))( - )(Acl .  

 

Theorem 2.4  [3] Let ),( tNX  be a N -topological space on X  and XAÍ . Then tNxÎ - )(Acl  if 

and only if Æ¹Ç AG  for every tN -open set G  containing x .  

Theorem 2.5  [3] Let ),( tNX  be a N -topological space on X  and XAÍ . Then   

1.  tN - tNXAXint -- =)( - )(Acl .  

2.  tN - 1)( tÊAint - 2)( tÈAint - NAint tÈÈ...)( - )(Aint .  

3.  tN - tNXAXcl -- =)( - )(Aint .  

4.  tN - 1)( tÍAcl - 2)( tÇAcl - NAcl tÇÇ...)( - )(Acl .  

  

q -Closed Sets in N -Topological Spaces: In this section we introduce q -open and q -closed sets in 

N-topological space and establish their relationships with suitable examples. 
 

Definition 3.1  Let ),( tNX  be a N -topological space on X  and XAÍ . An element XxÎ  is said 

to be tN -q  cluster point of A  if tNAÇ - Æ¹)(Gcl  for every tN -open set G  containing x . The 

set of all tN -q -cluster points of A  is called tN -q  closure of A  and is denoted by tN - )(Aclq . A 

subset A  of X  is said to be tqN -closed in X  if tN - AAcl =)(q  and its complement is called tqN

-open.  

Example 3.2  Let 2=N , },,{= cbaX , consider }}{,,{=)(1 aXXO Æt  and 

}},{,,{=)(2 cbXXO Æt . Then }},{},{,,{=)(2 cbaXXO Æt  is a bitopology and if },{= cbA , then 

t2 - AcbAcl =},{=)(q . Hence A  is tq2 -closed and the complement set }{a  is tq2 -open.  
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Theorem 3.3  tNAÍ - )(Aclq , for any subset A  of ),( tNX . 

Proof: If AxÎ  and G  is a tN -open set containing x , then tNGÍ - )(Gcl  and hence tNxÎ -

)(Gcl . Thus tNAx ÇÎ - )(Gcl  and therefore, tNAÇ - Æ¹)(Gcl  for every tN -open set G  

containing x . Hence tNxÎ - )(Gclq . That is tNAÍ - )(Aclq .  

 

Theorem 3.4  tN - tNAcl Í)( - )(Aclq , for any subset A  of ),( tNX . 

Proof: If tNxÎ - )(Acl , then Æ¹Ç AG  for every tN -open set G  containing x . Since tNGÍ -

)(Gcl , tNAG ÍÇ - AGcl Ç)(  and hence tN - Æ¹Ç AGcl )( . Therefore tNxÎ - )(Aclq . Thus, 

tN - tNAcl Í)( - )(Aclq .  

Remark 3.5  tN - tNAcl ¹)( - )(Aclq . For example, let 3=N , },,{= cbaX , consider 

}}{,,{=)(1 aXXO Æt , }},{,,{=)(2 caXXO Æt , },{=)(3 XXO Æt .  Then 

}},{},{,,{=)(3 caaXXO Æt  is a tritopology and if }{= cA , then t3 - },{=)( cbAcl  and t3 -

XAcl =)(q . Hence t3 - t3)( ¹Acl - )(Aclq .  

 

Theorem 3.6  If A  is tN -open set in a N-topological space ),( tNX , then tN - tNAcl =)( - )(Aclq  

Proof: Let A  be tN -open set in X . We know that tN - tNAcl Í)( - )(Aclq . Let tNxÎ - )(Aclq , 

then tNAÇ - Æ¹)(Gcl  for every tN -open set G  containing x . If ÆÇ =GA , 
cAG Í . Since A  

is tN -open, 
cA  is tN -closed. That is 

cA  is tN -closed set containing G . But tN - )(Gcl  is the 

smallest tN -closed set containing G . Therefore, tN -
cAGcl Í)( . Thus, tNAÇ - Æ=)(Gcl  

which is a contradiction. Therefore Æ¹ÇGA  for every tN -open set G  containing x . That is 

tNxÎ - )(Acl . Therefore, tN - tNAcl Ê)( - )(Aclq . Hence tN - tNAcl =)( - )(Aclq .  

 

Theorem 3.7  tN - tq NAcl Í)( - tq Ncl ( - ))(Aclq , for any subset A  of ),( tNX . 

Proof: Proof follows from theorem 3.3 replacing A  by tN - )(Aclq .  

Remark 3.8  tN - tq NAcl ¹)( - tq Ncl ( - ))(Aclq . That is, tN - )(Aclq  is not tqN -closed set. For 

example let 4=N , },,,,{= edcbaX , consider }},{,,{=)(1 baXXO Æt , 

}},,,{,,{=)(2 dcbaXXO Æt , }},{,,{=)(3 dcXXO Æt  and }},,,{},,{,,{=)(4 dcbadcXXO Æt . 

Then }},,,{},,{},,{,,{=)(4 dcbadcbaXXO Æt  is a 4 -topology. If XaA Ì}{= , then t4 -

},,{=)( cbaAclq  and t4 - tq (4cl - XAcl =))(q . Thus, t4 - tq 4)( ¹Acl - tq (4cl - ))(Aclq .  

 

Theorem 3.9  tN - )(Aclq  is tN -closed, for any subset A  of X . 

Proof: We know that tN - tq NAcl Í)( - tNcl( - ))(Aclq  and it is enough to prove tN - tNcl( -

tq NAcl Í))( - )(Aclq . Let tNxÎ - tNcl( - ))(Aclq , then tN - Æ¹ÇGAcl )(q  for every tN -

open set G  containing x . Let tNyÎ - GAcl Ç)(q , then GyÎ  and tNyÎ - )(Aclq . Since G  is 

tN -open set containing y  and tNyÎ - )(Aclq , tNAÇ - Æ¹)(Gcl . Therefore, tNxÎ - )(Aclq  

and so tN - )(Aclq  is tN -closed.  

 

Theorem 3.10  Every tqN -closed set is tN -closed. 
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Proof: Since tN - AAcl =)(q  and tN - )(Aclq  is tN -closed, then A  is tN -closed.  

 

Theorem 3.11  For subsets A  and B  of a topological space ),( tNX .   

1.  tNBA ÞÍ - tq NAcl Í)( - )(Bclq .  

2.  tN - tq NBAcl =)( È - tq NAcl È)( - )(Bclq .  

3.  tN - tq NBAcl ÍÇ )( - tq NAcl Ç)( - )(Bclq .  

Proof: 1.  If BAÍ  and tNxÎ - )(Aclq , tNAÇ - Æ¹)(Gcl  for every tN -open set G  containing 

x . Since tNAÇ - tNBGcl ÇÍ)( - )(Gcl , tNBÇ - Æ¹)(Gcl  for every tN -open set G  

containing x  and hence tNxÎ - )(Bclq . Thus, tN - tq NAcl Í)( - )(Bclq .  

2. Since BAA ÈÍ  and BAB ÈÍ , using (1), tN - tq NAcl Í)( - )( BAcl Èq  and tN -

tq NBcl Í)( - )( BAcl Èq . Therefore, tN - tq NAcl È)( - tq NBcl Í)( - )( BAcl Èq . On the other 

hand, if tNxÎ - )( BAcl Èq , then tNBA ()( ÇÈ - Æ¹))(Gcl  for every tN -open set G  

containing x . That is, tNAÇ[ - tNBGcl ÇÈ[)]( - Æ¹)](Gcl  and therefore, tNAÇ -

Æ¹)(Gcl  or tNAÇ - Æ¹)(Gcl . That is, tNxÎ - )(Aclq  or tNxÎ - )(Bclq  and hence, 

tNxÎ - tq NAcl È)( - )(Bclq . Thus, tN - tq NBAcl ÍÈ )( - tq NAcl È)( - )(Bclq . Hence tN -

tq NBAcl =)( È - tq NAcl È)( - )(Bclq .  

3. Since ABA ÍÇ  and BBA ÍÇ , from (1), tN - tq NBAcl ÍÇ )( - )(Aclq  and tN -

tq NBAcl ÍÇ )( - )(Bclq . Therefore, tN - tq NBAcl ÍÇ )( - tq NAcl Ç)( - )(Bclq  

Example 3.12  Let },,,{= dcbaX , then }}{,,{=)(1 aXXO Æt , }},{,,{=)(2 dbXXO Æt , 

}},,{,,{=)(3 dbaXXO Æt . Then }},{},,,{},{,,{=)(3 dbdbaaXXO Æt  is a tritopology. Let 

},{= baA  and },{= caB  Then t3 - XAcl =)(q  and t3 - XBcl =)(q . Therefore, t3 - tq 3( ÇAcl -

XBcl =)(q  But t3 - tq 3=)( BAcl Ç - },{=})({ caaclq . Therefore t3 - tq 3)( ¹ÇBAcl -

tq 3)( ÇAcl - )(Bclq . That is equality does not hold in (3) of previous theorem.  

Corollary 3.13  If A  and B  are tqN -closed, then BAÈ  is tqN -closed. 

Proof: tN - AAcl =)(q  and tN - BBcl =)(q , since A  and B  are tqN -closed. Therefore tN -

)( BAcl Èq  = tN - tq NAcl È)( - )(Bclq  = BAÈ  and hence, BAÈ  is tqN -closed.  

Corollary 3.14  If A  and B  are tqN -closed, then BAÇ  is tqN -closed. 

Proof: tN - AAcl =)(q  and tN - BBcl =)(q , since A  and B  are tqN -closed. Therefore tN -

tq NBAcl ÍÇ )( - tq NAcl Ç)( - BABcl Ç=)(q  and hence, BAÇ  is tqN -closed.  

Remark 3.15  From the above two corollaries it is very clear that tqN -closed sets form a topology.  
 

Theorem 3.16  Every tqN -open set is tN -open in a N -topological space. 

Proof: If A  is a tqN -open in ),( tNX , then AX -  is tqN -closed. If tNxÎ - )( AXcl - , tNxÎ

- )( AXcl -q , since tN - tNAXcl Í- )( - )( AXcl -q . But tN - AXAXcl -- =)(q . Therefore, 

AXx -Î . Thus, tNxÎ - AXxAXcl -ÎÞ- )( . Therefore, tN - AXAXcl -Í- )( . But 

tNAX Í- - )( AXcl - . Hence, tN - AXAXcl -- =)( . That is, AX -  is tN -closed and A  is 

tN -open in X . Thus any tqN -open set is tN -open. That is the tqN -open sets is stronger than the 

tN -open sets.  
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Remark 3.17  The converse of the above theorem need not be true. For example, N =4, 

},,,,{= dcbaX , then }}{,,{=)(1 aXXO Æt , }}{,,{=)(2 bXXO Æt , }},{,,{=)(3 baXXO Æt  

and }}{,,{=)(4 cXXO Æt . Then }},{,,{=)(4 dbXXO Æt  is a 4 -topology. Let },{= dbA  is t4 -

open in X . But },{= caAX - ; t4 - XAXcl =)( -q  and hence AX -  is not tq4 -closed. 

Therefore, A  is not tq4 -open in X .  
 

q -interior in N -Topological Spaces:  In this section we derive q -interior operator in N -topology and 

also establish its properties. 

Definition 4.1  Let ),( tNXAÍ  then an element AxÎ  is said to be a tqN -interior point of A  if 

tN - AGcl Í)(  for some tN -open set G  containing x .The set of all tqN -interior points of A  is 

called the tqN -interior of A  and is denoted by tN - )(Aintq .  

Example 4.2  Let },,,,{= edcbaX  and 3=N , then }}{,,{=)(1 cXXO Æt , 

}},{,,{=)(2 baXXO Æt  and }},,{,,{=)(3 cbaXXO Æt . Then 

}},,{},,{},{,,{=)(3 cbabacXXO Æt  is a tritopology. Let },,{= edcA . The element c  is tq3 -

interior point of A , since }{c  is a t3 -open set containing c  and t3 - Aedcccl Í},,{=})({ . The 

element d  is not tq3 -interior point of A , since X  is the only t3 -open set containing d  and t3 -

AXXcl Ú=)( . Similarly the element e  is not tq3 -interior point of A . Thus, t3 - }{=)( cAintq .  

 

Theorem 4.3  tN - tq NAint Í)( - )(Aint  for any ),( tNXAÍ . 

Proof: If tNxÎ - )(Aintq  then tN - AGcl Í)(  for some tN -open set G  containing x . Also 

tNGÍ - AGcl Í)( . Thus, G  is a tN -open subset A  containing x  such that AGÍ . Therefore, 

tNxÎ - )(Aint , since tN - )(Aint  is the largest tN -open subset A . Thus, tN - Í)(Aintq  tN -

)(Aint  . 

 

Theorem 4.4  In a tN  topological space ),( tNX ,   

1.  tNX - - tq NAint =)( - )( AXcl -q .  

2.  tNX - - tq NAcl =)( - )( AXint -q . Proof:  1.  tNXx -Î - )(Aintq  if and only  if tNxÎ/ -

)(Aintq  if and only if tN - AGcl Ú)(  for every tN -open set G  containing x  iff tN -

Æ¹-Ç )()( AXGcl  for every tN -open set G  containing x  if and only if tNxÎ - )( AXcl -q . 

Thus, tNX - - tq NAint =)( - )( AXcl -q .  

 2.  Proof is similar to that of (1). 
 

Theorem 4.5  If ),(, tNXBA Í , then   

1.  tN - AAint Í)(q .  

2.  tN - GGAint :{=)( Èq  is tN -open  

    and tN - AGcl Í)( }.  

3.  A  is tqN -open if and only if tNA =  

    - )(Aintq .  

4.  tNBA ÞÍ - tq NAint Í)( - )(Bintq .  
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5.  tN - tq Nint ( - tq NAint Í))( - )(Aintq .  

6.  tN - tq NAint È)( - tq NBint Í)( - 

    )( BAint Èq .  

7.  tN - tq NBAint =)( Ç - tq NAint Ç)( - 

    )(Bintq .  

Proof:  1.  tN - tq NAint Í)( - AAint Í)(  and hence tN - AAint Í)(q .  

2.  tNxÎ - )(Aintq  if and only if tN - AGcl Í)(  for some tN -open set G  containing x  if and only 

if GGx :{ÈÎ  is tN -open containing x  and tN - AGcl Í)( }. Thus tN - GGAint :{=)( Èq  is 

tN -open and tN - AGcl Í)( }.  

3.  A  is tqN -open if and only if AX -  is tqN -closed if and only if tN - AXAXcl -- =)(q  if and 

only if tNX - - AXAint -=)(q  if and only if tN - AAint =)(q .  

4.  if BAÍ  and tNxÎ - )(Aintq , then tN - BAGcl ÍÍ)(  for some tN -open set G  containing 

x  and hence tNxÎ - )(Bintq . Therefore, tN - tq NAint Í)( - )(Bintq .  

5.  Since tN - AAint Í)(q , by (4),      tN - tq Nint ( - tq NAint Í)( - )(Aintq   

6.  Since, BABA ÈÍ, , by (4), tN - tq NAint È)( - tq NBint Í)( - )( BAint Èq .  

7. Since - - , - - - . 

Remark 4.6  Equality does not hold in (1) and (6). Let },,,{= dcbaX  and 2=N , then 

}},{},{,,{=)(1 dbaXXO Æt  and }},,{,,{=)(2 dbaXXO Æt . Then 

}},,{},,{},{,,{=)(2 dbadbaXXO Æt  is a bitopology. Let },,{= cbaA  and },,{= dcbB . Then t2

- )(Aintq = }{a  and t2 - )(Bintq = },{ db . Therefore, t2 - tq 2)( ÈAint - )(Bintq = },,{ dba , but t2 -

)( BAint Èq = X . That is, t2 - tq 2)( ¹ÈBAint - tq 2)( ÈAint - )(Bintq . Also t2¹A - )(Aintq .  

 

Theorem 4.7  If )(XONtq  denotes the set of all tqN -open sets in ),( tNX , then )(XONtq  is a 

topology on X . 
Proof:   

1.  Since Æ  and X  are tqN -closed, they are tqN -open and hence Æ  and )(XONX tqÎ .  

2.  If )(XONAi tqÎ , then each iA  is tqN -open in X  and hence tN - )( iAintq = iA  for each i . Let 

A = ii AÈ . Consider tN - )(Aintq = tN - iii Aint ÈÊÈ )(q  tN - iAint (q - ii AÈ = A . That is tNAÍ

- )(Aintq . But tN - AAint Í)(q . Therefore tN - )(Aintq = A . Thus A  is tqN -open. Thus arbitrary 

union of members of )(XONtq  belong to )(XONtq .  

3.  Let A  and )(XONB tqÎ . Then BA,  are tqN -open and hence tN - )(Aintq = A  and tN -

)(Bintq = B . Consider tN - )( BAint Çq = tN - tq NAint Ç)( - )(Bintq = BAÇ  and therefore, 

BAÇ  is tqN -open. That is, )(XONBA tqÎÇ  whenever )(, XONBA tqÎ . Thus )(XONtq  is 

a topology on X   

Remark 4.8  Since any tqN -open set is tqN -open, )()( XONXON ttq Í  and hence )(XONtq  is 

stronger than )(XONt .  
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Theorem 4.9  If )(XONt = },{ ÆX  then tN - )(Aintq =Æ  for every proper subset A  of 

LetProofX :.  XAÌ  and AxÎ . Since any tN -open set containing x  is X  and tN - )(Xcl =

AXÚ , x  is not a tqN -interior point of A . That is no element of A  is a tqN -interior point of itself. 

Therefore, tN - )(Aintq =Æ  for every XAÌ .  

 

Conclusion: Having been defined the strong form of generalized closed sets in N -topology in terms of 

tqN -closure we see that this can be extended to other areas like neutrosophic, digital, fuzzy sets etc. 
To add strength to this theory we also have illustrated a few examples here. Further we hope that this 
concept can pave way to many other research fields. 
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