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Abstract: Let  be a semiprime ring,  be a generalized  -derivation associated with 

-derivation  and  be a left -centralizer. If (i)  (ii) 

; (iii) ; (iv) ; (v) ; (vi) 

 for all .  
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1. Introduction: Bresar [4], first time introduced the notion of generalized derivation. Daif et al. [5], 

proved a result which is given as let  be a semiprime ring,  be a non zero ideal of  and  be a 

derivation on  such that , for all , then . In 2002, Ashraf and 
Rehman [3] extended the result of Daif et al. [5] by replacing ideal to lie ideal. In 2003, Quadri et al.  [10] 

extended the result  of Ashraf et al. [3] on generalized derivation given as let  be a prime ring  with 

characteristic different from two,  be a nonzero ideal of  and  be a generalized derivation on  

associated with a derivation  on  such that , for all , then  is commutative. 

In 2001, Ashraf et al. [2], proved a result which is given as let  be a prime ring,  be a non zero two 

sided ideal of  and  be a derivation on  such that , for all , then  is 
commutative. In 2007, Ashraf et al. [1] extended the result of Ashraf et al. [2] on generalized derivation. 
Golbasi et al. [8] extended the result of Quadri et al. [10] by replacing ideal to lie ideal. In 2014, El Sayid, 
M.S.T et al. [7] studied some results on Multiplicativity of left centralizers forcing additivity.  Recently, 
Didem K. Camci and Neset Aydin [6] studied  On Multiplicative (generalized)-derivation in semiprime 

rings. In 2016, C. Jaya Subba Reddy et al [9] proved some results on Centralizing with generalized - 

derivations on semiprime rings. In this paper, we proved some results on generalized -derivations 
in semiprime rings. 
 

2. Preliminaries: Throughout this paper  denote an associative ring with center . Recall that a ring  

is semiprime if  implies . For any , the symbol  stands for the commutator 

. The -centre of  denoted by  and defined by , for all 

. An additive mapping  is called a derivation if , for all 

. An additive mapping  is called a -derivation if , 

for all . An additive mapping  is called a generalized derivation, if there exists a 

derivation  such that , for all . An additive mapping 

 is said to be a generalized -derivation of , if there exists a -derivation  

such that , for all . An additive mapping  is called a 

left -centralizer if , for all , where σ and τ are automorphisms of .   
 
Throughout this paper, we shall make use of the basic commutator identities: 

;  ; . 
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Lemma 1: Let  be a semiprime ring. If  is a generalized -derivation associated with 

-derivation , then , for all .  

Proof:  We have , for all .                 (1) 

On the otherhand, we have  

, for all .                      (2) 
Equating equations (1) and equation (2), we get 

  

, for all .                              (3) 

Left multiplying equation (3) by , we get 

, for all . 

Since  is an automorphism of , we get  

, for all . Since  

is semiprime ring, we get 

, for all . That is,  is a -derivation. 
 

Lemma 2: Let  be semiprime ring and  be a generalized -derivation associated with 

-derivation . If , for all , then  and . 

Proof: We have , for all .                                                       (4) 

 We replacing  by  in equation (4), we get 

  
Using equation (4) in the above equation, we get 

, for all .                                                                        (5) 

Left multiplying equation (5) by , we get 

, for all . Since  is an automorphism of , we get 

, for all . Since  is semiprime ring, we get 

, for all .                                                                       (6) 

Left multiplying equation (6) by , we get 

, for all . Since  is an automorphism of , we get 

, for all . Since  is semiprime ring, we get 

, for all .                                                                                         (7) 

By the hypothesis , for all . 

, for all . 
Using equation (7) in the above equation, we get 

, for all .                                                                   (8) 

Right multiplying equation (8) by , we get 

, for all . Since  is an automorphism of , we get 

, for all . Since  is semiprime ring, we get 

, for all . 

Lemma 3: Let  be a semiprime ring and  be a generalized -derivation associated with 

-derivation . If , for all , then , for all . 

Proof: We have , for all .                                             (9)  

replacing  by  in equation (9), we get 

, for all . 

Using equation (9) in the above equation, we get 

, for all . 

, for all . 

  

, for all . 

We replacing  by  in the above equation, we get 

, for all . 
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We replacing  by  in the above equation, we get 

, for all .                                                               (10) 

Left multiplying equation (10) by , we get 

, for all . Since  is an automorphism, we get 

, for all . Since  is semiprime ring, we get 

, for all .                                                                    (11) 

Left multiplying equation (11) by , we get 

, for all . Since  is an automorphism of , we get 

, for all . Since  is semiprime ring, we get 

, for all .                                                                                              

Lemma 4: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If the map  is defined as 

, for all , then  is a generalized -derivation associated with -derivation 

. 

Proof: We suppose that , for all .                         (12) 

We replacing  by  in equation (12), we get 

  

  

, for all . 

Using equation (12) in the above equation, we get 

, for all . 

Then  is a generalized -derivation associated with -derivation . 
 

3. Main Results: 

 Theorem 3.1: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , then 

. Moreover, , for all  and . 

Proof: By the hypothesis, we have , for all .                           
Using equation (12) in the above equation, we get                                          

So we have , for all .  

Using lemma 2 and lemma 4, we get . 

So we have .                                                                                                    (13) 

By the hypothesis, we have , for all .   

, for all . 
Using equation (13) in the above equation, we get  

, for all .                                                                              (14) 
The equation (14) is same as equation (6) in lemma 2. Thus, by same argument of lemma 2, we can 

conclude the result , for all .                                                               (15) 

By the definition of , we have , for all . 
Using equation (15) in the above equation, we get 

, for all .                                                                                                        

Similar proof shows that the same conclusion holds as , for all . In this 

case, we obtain . Therefore the proof is completed. 

Theorem 3.2: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , then 

. Moreover, , for all  and , for all . 

Proof: By the hypothesis, we have , for all .               (16) 

We replacing  by  in equation (16), we get 

, for all . 
Using equation (16) in the above equation, we get 
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, for all .                                    (17) 

We replacing  by  in equation (17), we get 

, for all .                                                                               (18) 
The equation (14) is same as equation (5) in lemma 2. Thus, by same argument of lemma 2, we can 

conclude the result , for all .                                                               (19) 

By the definition of , we have , for all . 
Using equation (19) in the above equation, we get 

, for all .                                                                  (20) 
Using equation (19) in equation (17), we get 

, for all .                                                     (21) 

We replacing  by  in equation (21), we get 

, for all . 
Using equation (16) in the above equation, we get 

, for all . 
Using equation (20) in the above equation, we get                   

, for all .                                              (22) 

We replacing  by  in equation (22), we get 

, for all .                                                  (23) 

Left multiplying equation (22) by , we get 

, for all .                                                            (24) 
We subtracting equation (24) from equation (23), we get 

, for all . 

We replacing  by  in the above equation, we get 

, for all .  

Since  is an automorphism of , we get , for all . 

Since  is semiprime ring, we get , for all . 

Similar proof shows that the same conclusion holds as , for all . Therefore 
the proof is completed. 

Theorem 3.3: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , 

then . Moreover, , for all  and , for all . 

Proof: By the hypothesis, we have , for all .               (25) 

We replacing  by  in equation (25), we get 

  

, for all . 
Using equation (25) in the above equation, we get 

, for all .                                                                (26) 

We replacing  by  in equation (26) and using equation (26), we get 

, for all .  

We replacing  by  and  by  in the above equation, we get                                                                     

, for all . Since  is an automorphism of , we get 

, for all . Since  is semiprime ring, we get 

 , for all .                                                                          (27) 
The equation (27) is same as equation (6) in lemma 2. Thus, by same argument of lemma 2, we can 

conclude the result , for all .                                                            (28) 

Hence, from the definition of , we get 

, for all . 
Using equation (28) in the above equation, we get 

, for all .                                                                  (29) 

We replacing  by  in equation (25), we get 

, for all . 
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Using equation (29) in the above equation, we get 

, for all .                                                   (30) 

Right multiplying equation (25) by , we get 

, for all .                                                    (31) 
We subtracting equation (30) from equation (31), we get 

, for all .                                                                     (32) 

We replacing  by  in equation (32) and using equation (28), we get 

, for all .                                                         (33) 

We replacing  by  in equation (33), we get 

, for all .                                                      (34) 

Left multiplying equation (33) by , we get 

, for all .                                              (35) 
We subtracting equation (35) from equation (34), we get 

, for all . 

We replacing  by ,  by  in the above equation and since  is an automorphism of ,  

we get , for all . 

Since  is semiprime ring, we get , for all . 

Similar proof shows that the same conclusion holds as , for all . 
Therefore the proof is completed. 

Theorem 3.4: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , 

then , for all . 

Proof: By the hypothesis, we have , for all .                       

Using equation (12) in the above equation, we get                                          

So we have , for all .  

Using lemma 3 and lemma 4, we get , for all . 

Theorem 3.5: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , 

then , for all . 

Proof: By the hypothesis, we have , for all .                       (36) 

We replacing  by  in equation (36), we get 

  

  

Using equation (36) in the above equation, we get 

, for all . 

  

  

  

, for 

all .                                                         

We replacing  by  in th above equation, we get 

, for all .                                     

We replacing  by  in th above equation, we get 

, for all .                                                                           (37) 

The equation (37) is same as equation (10) in lemma 3. Thus, by same argument of lemma 3, we can 

conclude the result , for all .                                                                                                                          

Similar proof shows that the same conclusion holds as , for all . 

Therefore the proof is completed. 
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Theorem 3.6: Let  be a semiprime ring,  be a generalized -derivation associated with 

-derivation  and  be a left -centralizer. If , for all , 

then , for all . 

Proof: By the hypothesis, we have , for all .        (38) 

We replacing  by  in the equation (38), we get 

  

, for all . 

Using equation (38) in the above equation, we get 

, for all .                                                         (39) 

We replacing  by  in equation (39) and using equation (39), we get 

  

, for all .  

We replacing  by  in the above equation, we get 

, for all .                                                                     

  

  

We replacing  by  in th above equation, we get 

, for all .                                     

We replacing  by  in th above equation, we get 

, for all .                                                                 (40) 

The equation (40) is same as equation (10) in lemma 3. Thus, by same argument of lemma 3, we can 

conclude the result , for all . 

Similar proof shows that the same conclusion holds as , for all . 

Therefore the proof is completed. 
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