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Abstract: Grid embedding plays an important role in computer architecture. VLSI Layout Problem,
Crossing Number Problem, Graph Drawing and Edge Embedding Problem are all a part of grid
embedding. In interconnection networks, so far the hypercube has been the focus of many researchers
due to its structural regularity, potential for parallel computation of various algorithms, and the high
degree of fault tolerance [1].Hypercubes are known to simulate other structures such as grids and binary
trees [2,3].But the degree of vertices of hypercubes increases with the size, preventing hardware
expendability. This is not the case for the grid or the torus because of its vertex transitive extension. This
advantage gives renewed interest in this ancient topology namely the grid network, which was the first
one proposed for parallel computers and which, in spite of a rather large diameter, has gained
popularity. Generalized books are extensions of the grid networks [4]. In this paper we find the Wiener
index of generalized books.
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Introduction: A topological index is a real number related to a graph. It is a structural invariant and is
preserved by every graph automorphism. Several topological indices have been defined and many of
them have found applications as means to model chemical, pharmaceutical and other properties of
molecules [1, 1]. Usage of topological indices in chemistry began in 1947 when chemist Harold Wiener
developed the most widely known topological descriptor, the Wiener index and used it to determine
physical properties of types of alkanes known as paraffin’s. It is named after his inventor Harry Wiener
(1924-1998). There are many topological indices such as Hyper-Wiener index, Eata index, PI index etc.

Wiener Index: In theoretical Computer Science, Wiener index is considered as one of the basic

descriptors offixed interconnection networks as it provides the average distance between any two nodes

of the network. Wiener index can be calculated in a number of ways.

a) Multiply the number of vertices on each side of an edge and add all such contributions.

b) (2)It is also equal to half the sum of the off-diagonal elements D; of the distance matrix where D;
represents the length of the shortest path between any two vertices in a graph.

¢) The Wiener index W of a graph G is equal tohalf the sum of the off-diagonal elements of the

distance matrix D : W=§ b 25;1 D;; where D;; represents the length of a shortest path between

vertices i and j inG.
d) Consequently, Wiener index based on all pairs shortest path problem is defined as half the sum of
all shortest paths between unordered pairs of vertices of a graph [6,7,8,9,10,11,12,13].

Definition 1.2:Let G be a connected undirected graph with vertex set V(G) and edge set E(G).Let
d (v;,vj)be the shortest distance between the vertices v; and v;. The Wiener index has been defined
for Gas half the sum of all shortest distances d( v;, v;) between the unordered pair of vertices of G

i.eD(G) = % d(v;,v;) where v;, v;eV(G)
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In this paper an elegant technique has been used without using distance matrix to compute the Wiener
index of a generalized book. To calculate the Wiener index of generalized books we use the following
results based on edge-cut techniques.

Edge-Cut Partition Lemma: Let G be a graph on n vertices. Let{S;,S,,S5,..., S, }be a partition of

E(G) such that each S; is an edge cut of G and the removal of edges of S;leaves G into two

components G;and G'; . Also each S; satisfies the following conditions

a) For any two verticesu, v in G;a shortest path between u and v has no edges in S;.

b) For any two verticesu, vin G';, a shortest path between u and v has no edges in S;

c) For any two verticesuin G; and v in G';, a shortest path between u and v has exactly one edge inS; .
Then the congestion on S;is given by ¢ (S;) = |V ( G;)| (n — |V (G; )]) and Wiener index of Gis given
by W(G) = I IV Gl (n— VG5,

Edge-Cut k-Partition Lemma: LetG be a graph on n vertices. Let E*(G) denote a collection of edges of

G with each edge in G repeated exactly k times. Let{S;,S,,S;,..., S, }be a partition of E(G) such

that each S; is an edge cut of G and the removal of edges of S; leaves G into two components G;and G'; .

Also each §; satisfies the following conditions

a) For any two vertices u, v in G;, a shortest path between u and v has no edges inS;.

b) For any two verticesu, v in G';, a shortest path betweenuand vhas no edges inS;

¢) For any two vertices u in G; and v in G';, a shortest path between u and v has exactly one edge inS; .
Then the congestion on S;is given by ¢ (S;) = |V ( G;)| (n— |V (G;)]) and Wiener index of G is
givenby  W(G) = L [V( Gl (n = V(G )IDI5]-

Generalized Book Type 1:

Definition 2.1: Let M[m X n] be an mx n mesh with m rows and n columns. A graph which is obtained
from [ copies of M, say{M;, M, ,M; ,..., M;} by merging each vertex of the first column of M;with the
corresponding vertex of the first column of M;, foralli=2, 3,..., [ is called a generalized book of Type 1
and is denoted byGB[m,n,l]. See Figure 1.

l:--.
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GBm, n, 1)
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Figure 1: Generalized Book GB [n,m, (] of type 1

Remark2.2: GB [m, n, [l has k=m (I n — [ + 1) vertices.

Theorem 2.3: Let G be the generalized book GB [m ,n, I]. Then the Wiener index of G is given by
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m—1 n—1
W (G) = Z(k—i(ln L+ 1)iln — 1+ 1)) + Z(k—jm)jm
i=1 j=1
Proof: Let (p, i, j) denote the vertex in the i row and ;" column of the p™ copy of M, 1= i=m,2<j<
n,1< p < I For 1= ism, 1= p<l, let (i,1) denote the i™ element in the merged first column of every M,,. For 1<

i < m-1, define S, (i)= UJ_o((p, i, )) , (0, i + 1,)) and S() ={(i,1),(i+1,1) } UUp_y S, (i). For1<p <1, 2 5j <
n-1 define R} = UL, {((i, 1), (p,i,2))} and R} = UZ.{((p,ij), (p,i,j+ 1)) }. Now S(i) cutsG into two
components GS(i) and GS’'(i) with one component having exactly i(In — [+ 1) vertices. Further R}”
cutsG into two components one with exactly jm vertices.Now S=S(i)U R}” is a partition of the edge set of

G satisfying the conditions of the Edge-Cut-Partition Lemma. Let c¢(S) denote the congestion onS. Then
the Wiener index W (G) of g is given by

m-—1 n-1
W(G) = c(S) = z (S, ) + Z c(RP)
i=1 =
- Z(k—i(ln I+ 1)in =L+ 1))+ Z(k—jm)jm
i=1 j=1

Illustration: m = 5,n = 4,1 = 2; W(GB[5,4,2]) = 2380.

Table 1: Wiener Index of Generalized Book Type 1

S.No Cuts Congestion on Cuts Total
1 S; (28)(7) 195
2 Sy (21)(14) 294
3 S3 (14)(21) 294
4 Sa (7)(28) 196
5 Ry (5)(30)(2) 300
6 R, (10)(25)(2) 500
7 R3 (15)(20)(2) 600
2380
Generalized Book Type 2:

Definition 3.1: Let M[m X n] be an mxn mesh with m rows and n columns. A graph which is obtained
from [ copies of M, say{M;, M, ,Ms ,..., M;} by joining each vertex of the first column of M;with the
corresponding vertex of the first column of M;, foralli=2, 3, ..., [ is called a generalized book of Type 2
and is denoted byGB*[m,n,[]. See Figure 2.

Remark 3.2: GB*[m, n, ] has Imn vertices.

Theorem 3.3: LetGbe the generalized book GB*[m, n, l]. Then the Wiener index of G is given by

W) = Z (Imn —in)in + Z(lmn — jm)jm + (I — 1)(Imn — mn) mn
i=1 j=1
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Figure 2: Generalized Book GB*[n,m, ] of type 2
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Proof: Let (p,i,j) denote the vertex in the i row and /" column of the p" copy of M, 1< i<m, 1<)
<n, 1<p< 1. For 1< i < m-define SP= Ut ((p,i,)), (p,i + 1,))). For 1=<p < L1<j < n-1 define R} =
Ut {((p, 1)), (p,1,j + 1)) }. For 1< i< m, 1<p< l-1, let T, denote the set of edges ((p,i,1),(p +1,i,1)
joining vertices in column 1 of M, with the Corresponding vertices in column 1 of M,,,. Now S”cuts
GB*[n,m,1] into two components GS*(i) and GS*(i) with one component having exactly in vertices.
Similarly R]P cuts G into two components, one with exactly jm vertices. Further T, divides G into two
components, one of the components with exactly mn vertices.Now S=S} U R}’ UT, is a partition of the
edge set of G satisfying the conditions of the Edge-Cut-Partition Lemma. Let c(S) denote the congestion

on S. Then the Wiener index W (G) of G is given by

m—

1 n-1 -1
W(G) = ¢(S) = Z c(8P) + Z c(RP) + Z o(T,)
j=1 p=1

i=1
m-1

= Z (mn — in)in + Z(lmn —jm)im + (I — 1)(Imn — mn)mn

i=1 j=1

Ilustration: m = 3,n = 4,1 = 3; W(GB [m; n; l]) =1450.

Table 2: Wiener Index of Generalized Book Type 2
Total

Cuts  Congestion on Cuts
1 S: 4)(32)
2 S, (8)(28)
3 Ry (3)33)
4 R, (6)(30)
5 R; (9)(27)
6 Ky 12)(24)
7 K, (24)(12)
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128

224

99

180

243

288

288

1450
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Conclusion: In this paper we have found the Wiener index of generalized books of type 1 and type 2. It
would be quite interesting to find Wiener index of other variations of mesh network namely chain of
generalized books.
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