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Abstract: Given a graph G, a new graph can be constructed by using Neighbourhood sets of G. This new
graph is called the Neighbourhood graph of the given graph G. This paper makes a study of
Neighbourhood graph of cartesian product of some graphs.
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Introduction: Graphs discussed in this paper are simple, undirected and finite. For v € V (G), the
neighbourhood N(v) of v is the set of all vertices adjacent to v in G. N[v] = N(v) U {v} is called closed
neighbour of v. A vertex v € V (G) is called support if it is adjacent to a pendant vertex (that is a vertex
of degree one). Any undefined terms in this paper may be found in Harary [2].

The concept of neighbourhood number of a graph has been studied by Prof. E. Sampath kumar and Prof.

P. S. Neeralagi [7]. A set S of points in a graph G is a neighbourhood set if G = UVGS <N [v]>, where

<N [v]> is the subgraph of G induced by v and all points adjacent to v. The neighbourhood number 7,

(G) of G is the minimum cardinality of a neighourhood set. The concept of ¥ - graph of a graph denoted
by 7 .(G) was introduced by Dr. N. Sridharan[8]. A subset D of V(G) is said to be a dominating set of G,
if every vertex in V - D is adjacent to some vertex in D. The domination numbet y (G) is the minimum

cardinality of a dominating set. This parameter has been investigated by many authors including Berge,
cockayne, Hedeteniemi and Walikar et al. The vertex set V(7 .(G)) is the set of all ¥ -sets G and for two

sets,S;, ;€ V(7 .(G)), S, Sjare adjacent in y .(G) if and only if S; = (S; - {U}) U {v}, whereu €S, v & S,

i #j.In [8], Dr. N. Sridharan developed a lot of interesting results by making use of this new graph. The
maximum cardinality of a maximum independent set is called the independence number of G and is

denoted by f,(G). In [6] Dr. V. Swaminathan, A. P. Pushpalatha et al introduced the concept of f3.(G)
(namely [, - graph of a graph). The vertex set V( f3,.(G)) is the set of all /3 - sets of G and for two sets
S, Sie V(f,.(G)), S, S; are adjacent in f,.(G) ifand only if S;= (S; - {u}) U {v}, where u €S8,

vV ES;, iz]j.

Neighbourhood Graph of a Graph:

Definition 1.1: A set S of points in a graph G is a neighbourhood set if G-= US<N[V]>, where
Ve

<N [V]> is the subgraph of G induced by v and all points adjacent to v. The neighbourhood number 7,
(G) of G is the minimum cardinality of a neigbourhood set and the set is denoted by 7, - set of G. The

set of all 7, - sets of G is the vertex set of 1, .(G) and two 7, -sets D, and D, are adjacent in n .(G) if
and only if [ID,N D,| = | D,| -1=| D,| - 1.
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Definition 1.2: Let G be a graph. Let H be a graph whose vertex set is the set of all neighbourhood sets
of G and two vertices u, ve Hrepresenting neighbourhood sets S;, S; respectively are adjacent if and only
if §; = (Si - {u}) U {v}, whereu €S, v ¢ S;, i#j. His called the neighbourhood graph of a graph G and is

denoted by n,.(G).

Example 1.3:

AN

» *5

G:

. L
3 4

The n, -sets of G are {2, 4}, {3, 5}. The n,, -graph of G is as follows:

. 2.4} {3.5}
n, (G): - * (ie) n,.(G) = 2K, or ]?2.

Observation 1.4: |V[ 7, .(G)]| = The number of distinct 7, - sets of G.

Neighbourhood Graph of Some Standard Graphs:
L n,.(K,) =K, Vn.

2. 1, .(K,,) =K,
K, if n<mand m<n
no -(Km,n) =

> 2K, otherwise
4. 1y (W) =K,

2K, , if n is even
5.m,.(Cy=4

C,,if nisodd

P ., if n=2mm=>1
6. n,.(P) =1 "" 'f

K, if n=2m+l1
7. 1, .(F,) =K,
8. n,.(D,,) =K,
9. ny (Fnn) =K

Neighbourhood Graph of Cartesian Product of Some Graphs:

Definition 3.1: Let G, = (V,,E,) and

G, = (V,,E,) be any two graphs. Then their Cartesian product G,00 G, is defined to be the graph whose
vertex set is V, [V, and the edge set is {((u,v,),(u,,v,)) either u, = u, and v,v,€ E, or v, = v, and u,u, € E }.

Theorem 3.2 If G =K, OP,,, then

n,.(K,OP,,) = nK,, where mis oddand m =3, n > 3.

Proof: Let G = K,OP,,. Let V(K,) = {u,,u,,...,u,} and V(P,,) = {v,,v,,...,Vim).

Then V(G) = {(u,v)),...,(U,v,), (U, V) (Wn,V3),eee,( Wy Vin)yees( UnyVin) . Then the possible n, - sets of G are:
S,=A, U B,, where

A ={(u,v) /i=23,4,..,nandi #1,jis even,1<j<m}

B,={(u,_;,v)/i=n-1,jisodd,1<j<m}

S,=A, U B,, where

A,={(u,vj)) /i=13,4,..,nand i # 2,jis even,1<j<m}
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B,={(uy_; vj)/i=n-2,jisodd, 1<j=<m}

S,=A; U B, where

A, ={(u;,vj) /i=1,2,4,..,nand i #3,jiseven,1<j<m}
B;={(u,_;, vj)/i=n-3,jisodd,1<j<m}

So.= A, U B, where

A, ={(uyvj) /i=123,...,n-2andi # n-1,jis even, 1< j < m}

By ={(un_;,vj)/i=1,jisodd,1<j<m}

S.= A, U B, where

A,={(u,Vv)) /i=23,4,...,n-1and i #n, jis even,1<j<m}

B,={(us_;,vj)/i=0,jisodd, 1<j<m}

There are n - number of distinct n,-sets of G. Hence these n,-sets can be considered as the vertex set of
n,-graph of G. Using these points, we get n,.(K, OOP,,) = nK..

Example 3.3

11 12

The n,-sets of K,[OP; are {5,6,7,4,12}, {5,6,8,3,11},{5,7,8,2,10},{6,7,8,1,9} namely S,, S,, S;, S, respectively.
The n,- graph of K,[P, is as follows:

(K,0P;): @ d d bd
ng.(K4OFs) 5, S A S5

Theorem 3.4: IfG = C,OP,, then n,.(C,OP,) = C,,, where n is odd.

Proof: lLet G = C, 0OP,, Let V() = ({u,u,.,u,} and V(P,) = {v,v,}. Then
V(G)={(u,v,),(u,,vy),..,(un,vy),(U,v,), (uy,V3),..,( Uy, v,)}. Then the possible n,-sets of G are,

S,={A,U B,V C,}, where

n—1 n
A=)/ i =18, = (Ju2v1 ) jis even), €, = (Ut )/ ris odd).

j=2 r=1
S,={A,U B,V C,}, where

r=1

n—1 n

A, = {(u,vy)/ i=1},B, = {( U”_/ »V1)/jis even}, C, = {( U”ra"z )/ ris odd}.
j=2

S,={A,U B,V C,YD,}, where

n—1 n
A= (v i =11B= (J2v1 ) jis even), €, = (U592 )/ ris odd),
r=3

=
D, = {(u,,v,)/s=2}.
S;={A;U B,V ¢, D,}, where

n—1

A, = {(uv)/ i =13B,= {0 )7 is even), €, = (V2 )/ s odd,
j=4 r=3

D3 = {(us;Vz)/S=2}-
S,={A,L B,Y C,YD,}, where
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A, ={(wv)/i=13}B,={( Uu,.vyrjis even), ¢, =1(Uu,.v2 )1 ris oda,
j=4 r=5
D4 = {(uSrVZ)/S:274}-
-{An4UB .Y Coy Y Dy}, where

n4 = {(Uul’vl )/ iis Odd} Bn4— {( qu’vl )/J is even} Cn4 = {( Uur7v2 )/ ris Odd} Dn4 = {(

Jj=n-3 r=n—4
n-5
Uusavz )/ s is even}.
s=2
e = {Ana UB,, Y C,, Y Dy}, where
n-2
A, = {(Uu,,Vl )/ iis odd}, By, = {(u;,v)/ j=n-1},Cy, = {( Uu, »V2 )/ ris odd},D,., = {(Uuy)vz )/ s is
i=1 r=n-2 s=2
even}.
n1={An1 Y B, Y C,, Y Dy}, where
n-2
A= {(Uut’vl )/ iis odd}, By, = {(u;,v,)/ j=n-1},Cpr.; = {(u,v2)/ r = n}, Dy, = {( U”saVz )/ s is even}.
s=2

i=1
={A,u C,YD,}, where

An = {(Uut’vl )/ iis odd}, Cy = {(u,,v,)/ r=n},Dy = {(Uuwvz )/ s is even}.

§=2
n+1—— {An+1 o Cn+1 Dnﬂ}, where

n n—
A= {( Uu,-,vl )/ iis odd}, Co = {(Jt,v2 )/ 1is even, Dy = {(ugvs)/ s = 1.
r=2
Snia= {An+2 UBh.Y Cu.Y Dy}, where

An+2 = {(uixvl)/ i= 2'}) Bn+2= {( Uu/ ’vl )/] is Odd}y Cn+2 = {( Uur s v2 )/ ris eVen}, Dn”_ = {(us,vz)/ S = l}.

j=3 r=2

Snis={An3 U B,,, Y Chis VY Dn+3} where

n+3

n—1
Anss = {(wiv))/ i= 2}, Boyy = {(qu’vl )/ jis odd}, Cris = {( Uur’v2 )/ ris even}, Dy = {(us,v,)/ s =1,3}.

Jj=3 r=n—5
n->5 n
Szn»5= {Azn—su an—su Czn—su Dzn—s}, WhereAzn—sz {(Uuiav1 )/ iis Odd}, an—5= {( qu7v1 )/ ] is even},
i=2 j=n—4

Czn—5= {( Uu” 7V2 )/ ris Odd}, Dzn-5= {( Uus ,V2 )/ S is even}.

r=n-5 s=1

- n
Szn—2={A2n—z Y Banz Y Can2 Y Dzn—z}, where Azn-= {( Uu,‘ s V1 )/ iis even},an-z: {( U uj > vl )/ ] is Odd}, Can-
i=2 j=n-2

=)/ r=n-1, Dana= (4,52 )/ sis 0dd).
s=1

S2n= {Azn U BanY Dan}, where Aan = {(Uuiavl )/ iis even},Ban= {( Uu, »V1)/j=n}, Dan= {(Uus »Va)/s
i=2 j=n=2
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is odd}.
Then clearly we get 2n number of distinct n,-sets namely S1,S2,...,S,,.
To construct n,.(Cn OOP.), these 2n n,-sets are considered as the vertices of n,(G). Then any pair of

different n,-sets say S;,Sj, 1 < i,j < 2n, i#j are differe exactly in one place, hence these n,-sets are obviously
adjacent in n,.(G). Then the set §; S5 .. S, form a cycle with the order 2n. Hence n,.(C,0P,) = C,,.

Example 3.5:

C’gDPQ :

e
[\

The n,-sets of C;00P, are S={1,2,4,6},

S, ={1,2,4,5}, S; = {1,3,5,4}, S, = {1,3,5,6}, S = {2,3,4,5}, S¢ = {2,3,4,6}.
Then the n, - graph of C,, 0P, is as follows:

5

Theorem 3.6: If G = C,OP,, then  n,.(C,OP,) = 2K,, where n is even.

Proof: Assume that G = C, OP,. Let V(C,) = {u,u,..,u,} and V(P,) = {v,v,}. So
V(G)={(uhvl)’(uZ)Vl))'U(un)vl))(uUVZ)J (UZ,VZ),...,( unyvz)}~

Then G has exactly two disjoint n,-sets of cardinality ‘ n’ namely,

S, ={(u,v,)) U (u,v,) /iisodd,1=n,jis even, 1<j<n}

S, ={(u,v)) U (u;,v,) /iis odd, 1< n,jiseven, 1<j<n}.

Hence No.(C, OP,) = 2K,

Example 3.7:

C4DPQ : i

Ll

6 7

The n,-sets of C,00P, are S, = {1,3,6,8}, S, = {2,4,5,7}. Then the n,-graph of C,OP, is as follows:

ng.(C40 Ps) s s

Theorem 3.8: If T, is a tree with maximum number of independent vertices and P, is a path, where m =
3, then

2K, ,if miseven

K, ,if mis odd

Proof: Let T,a tree with maximum number of independent vertices and P, be a path.

n,.(T,O P,) = {
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Case:1m is even.

ISSN 2278-8697

If m is even, then T, P, has exactly two disjoint n,-sets. (i.e) S, = AL B and S, = CuU D, where

A={(u,v))/1<i<m,iisodd}

B={(u;,vj) /i=2,3,...,n,1<jsm,]jis even}
C={(u,v;)/1<i<m,iiseven},

D ={(u;,vj) /i =2,3,...,n, 1< js m, j is odd}. Hence n,.(T,O Py,)) = 2K,.
Case:2 mis odd.

If m is odd, then T,,O0 P, has a unique set. (i.e) S= AU B, where

A ={(u,vy)/i=12,.m,iis odd}

B ={(u,vj) /i=2,3,..,n,1<jsm,jis even}. Hence n,.(T,OP,,) =K.

Example 3.9:

The n,-sets of T, P, is {1,5,6,7}. Hence n,.(T;0 P;) = K.

Example 3.10:

':‘-

1:0P4:

-3
>

10 11 12

The n,-sets of T;00 P, are {1,5,6,7,11,12} and {4,10,8,9,2,3}. n,.(T;00 P,) = 2K.

Result 3.11: If Ty, = K, ,,then n,.(T,,,00 P,) is (n - 1) - regular graph with the order 2".

Example 3.12:

T,0P; :

The n,- sets of T, P, are namely {1,5,2,3,4},{1,5,2,3,8},{1,5,2,4,7},{1,5,3,4,6},{1,5,3,6,8},{1,5,4,6,7} namely S,

S,,....Sg respectively. The n,-graph of T,[J P, is as follows:
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5 52

53 5

no.(T30OP) «

Theorem 3.13 If If mn=o0(mod 2), then n,.(P,0 P,) = 2K,. Otherwise n,.(P,,[J P,) = K..

Proof: If mn=o(mod 2), then P,[0 P, has exactly two disjoint minimum n,-sets of cardinality%.
Hence n,.(P,,0 P,) = 2K..

If mn=1(mod 2), then has P,,[1 P, a unique n,-setsof cardinality {%J .Hence n..(P,,d P,) = K,.

Example 3.14 :
Case:1 mn=o(mod 2).

POPs : ) i "
The n,-sets of P,[1P are {2,4,6,8,10,12,14,16,18,20}, (1,3,5,7,9,11,13,15,17,19}. Therefore n,.(P,00 P;) =
2K..
Case:2 mn=1(mod 2).
i
PUF 12 18 14

The n,-sets of P;OIP is {2,4,6,8,10,12,14,16,18,20,22,24}. Hence n,.(P,O P,) = K,.

Conclusion: In this paper, we have made a study of new concept called neighbourhood graph of a
graph. It is further continued in our subsequent investigations in this direction.
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