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Abstract: In this paper, a numerical simulation has been made for two-dimensional (2-D) 
incompressible shear flow past an array of three square cylinders of same size in series arrangement. The 
unsteady flow separation from cylinders surface has been studied using structural bifurcation analysis 
based on topological equivalence. The streamfunction-vorticity(ψ-ω) form of Navier-stokes(N-S) 
equations in Cartesian coordinates have been solved using Higher Order Compact(HOC) finite 
difference scheme; for Reynolds number(Re) 200, gap ratio(s/d, s is the separation between cylinders, d 
cylinder side length) is equal to 1,3 and shear parameter(K) from 0.0 to 0.2. In this study, we basically 
want to understand the shear effect on vertex shedding phenomena caused by flow separation using 
structural bifurcation analysis. This analysis exactly predicts the location and the time of the occurrence 
of the flow separation from the surface of the square cylinders. The simulation results have been shown 
in terms of instantaneous vorticity contours, phase diagram, center-line velocity fluctuation for all 
parameter values considered here. 
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Introduction: The shear flow past an array of square cylinder problem has been the center of attention 
amongst fluid dynamists over the past decade in all the three aspects, like, experimental, theoretical, 
and numerical. The main reason behind the vast concern in this flow is the complex flow features 
behind the downstream cylinder and in between the cylinders than those of an isolated square cylinder 
(Zdravkovich[1]). The flow characteristics vary widely over different ranges of K values at fixed Re, which 
is clear from our recent publications Kumar and Ray([2],[3],[4]), thus making the study of this problem 
even more exciting. The numerical simulations of shear flow past two equal-sized square cylinders in 
tandem had been performed by Lankadasu and Vengadesan [5]. They described the effect of K and L/d 
ratio on vortex shedding phenomenon at a fixed Re equal to 100. The numerical and experimental 
studies of fluid flow around six square cylinders in in-line arrangement has been done by Sewatkar et 
al.[6]. In their study, they described different types of flow regimes as quasi-periodic-I, quasi-periodic-II 
and chaotic for different ranges of s/d ratios at Re = 100. The structure of fluid flow around solid objects 
can be easily classified by using structural bifurcation analysis based on topological aspects (Ghil et 
al.[7]). Recently, the effect of shear rate on unsteady flow separation from the surface of square cylinder 
has been studied by Ray and Kumar [8], using structural bifurcation analysis. Through this analysis, the 
exact locations of bifurcation points corresponding to secondary and tertiary vortices have been 
described with appropriate non-dimensional time of occurrence. The purpose of the present study is to 
investigate the effect of K and s/d ratio on unsteady flow separation both numerically and theoretically 
using structural bifurcation analysis. The computations have been done by using HOC finite difference 
scheme on uniform Cartesian grids (Kalita at al.[9]). The efficiency and usefulness of HOC scheme has 
already been established for uniform flows by Kalita and Ray [10].  
 
Mathematical Equations and Discretization Procedure: The ψ-ω form of unsteady 2-D Navier-
Stokes equations in Cartesian coordinates are considered as the governing equations. A schematics 
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diagram of the physical domain is shown in Figure 1, the length of one of the side of the square cylinder 
is “d”. The N-S equations are given as follows  

 (1) 

 (2) 

Here ω represents vorticity and ψ is the stream function, u and v is the x-direction and y-direction 
velocity components respectively. The u, v in terms of ψ can be written as 

 (3) 

And vorticity ω is  

 (4) 

For the physical boundary conditions, at inlet we apply a linear shear velocity profile; 

, 0cu U Ky v= + =  Where cU  is the centerline velocity of inflow and K is the shear parameter. 

 

 
Fig. 1: Schematic Diagram of the Shear Flow Past Three Square Cylinders 

 

The convective boundary condition; 0;cU
t x

f f¶ ¶
+ =

¶ ¶
has been used at the outlet boundary. On 

the top and bottom boundaries of the domain, the slip boundary condition; , 0;
u

K v
y

¶
= =

¶
has been 

considered. The surface of the square cylinders have been considered as no-slip.  
The discretization of the governing equations (( 1),( 2)) at (i, j)th point of the domain using HOC scheme 
is given as follows 
 

 

 

 

(5) 
And 
 

 (6) 

 
respectively, where the coefficients are defined as 

  



 
Mathematical Sciences International Research Journal Volume 7 Issue 2               ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Refereed) International Journal - SE Impact Factor 2.73            |    17  
 

 

 

 

 

 
where, 

 

 

 

 

 

 

 

 
The detail of discretization leading to equations (5), (6) and the finite difference operators can be found 
in [9].  
 
Results and Discussion: Vortex shedding phenomenon: In this section, the detailed computations 
carried out for shear flow past three square cylinders in series arrangement for Re = 200 and K from 0.0 
to 0.2 with s/d = 1.0, 3.0. The study includes the influence on flow phenomenon due to variation of shear 
parameter and gap between the cylinders. In the present computation, a grid of size 801 × 276 is used 
and outlet boundary is fixed at a distance 30 times the side of the square cylinder. The time increment is 
fixed as 0.01. In this study, our main intention is to explain the unsteady flow separation using structural 
bifurcation analysis. In order to explain flow separation, first we want to show the instantaneous flow 
phenomenon in terms of vorticity contours. Fig. 2 shows the vorticity contours for s/d = 1.0(left column), 
s/d = 3.0(right column) for all K values considered here. From the figure, it is noticed that a single wake 
is formed behind the cylinders as similar to the flow past single square cylinder for s/d = 1.0. Albeit, the 
shear layer starts to form from the upstream cylinder, the vortex shedding occurs behind 
 

  
(a) K=0.0 (b) K=0.0 

  

  
(c) K=0.1 (d) K=0.1 

  



 
Mathematical Sciences International Research Journal Volume 7 Issue 2               ISSN 2278-8697 

 

 
Journal Published by IMRF Journals - Sep 2018                                                                       |    18  
 

  
(e) K=0.2 (f) K=0.2 

 
Fig. 2: Instantaneous vorticity contours for Re = 200, (left column) s/d = 1.0, (right column) s/d = 3.0. 

(Solid line contours represent positive vortex, dotted line contours represent negative vortex) 
 
the downstream cylinder maintain the K´arm´an vortex street. The vortices of different size and 
strength are shedding behind the downstream cylinder for non-zero value of K. For s/d = 3.0, the flow 
phenomenon shows unsteady behavior in far wake only. For sufficient gap between the cylinders, the 
vortex formed behind the upstream cylinder hits to the middle cylinder before detach from the 
upstream cylinder thereby altering the nature of the forces  
 

  
(a) s/d=1.0 (b) s/d=3.0 

Fig. 3. Phase diagram at a point (2.24, −0.5) for s/d = 1.0, (4.24, −0.5) for s/d = 3.0 
behind the downstream cylinder for Re = 200 

 

  
(a) s/d=1.0 (b) s/d=3.0 
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(c) s/d=3.0 (d) s/d=3.0 

Fig. 4: Center-Line Velocity Fluctuation for Re = 200 (left) u along x-axis (right) v along x-axis 
 
exerted by both the cylinders for K = 0.2. Similar type of phenomenon occurs between the middle and 
downstream cylinders. Further, the phase diagrams are plotted in Fig. 3 by using the values of 
longitudinal and transverse velocity components at a monitoring point (2.24, −0.5) for s/d = 1.0, (4.24, 
−0.5) for s/d = 3.0 behind the downstream cylinder when flow reaches in its stable periodic state. We can 
see that the flow is almost periodic for all K values with more than one period for some K values. In Fig. 
4, we plot u and v velocity profiles along y = 0 line for s/d = 1.0(left column), s/d = 3.0(right column). 
Such plots help us to understand the effect of shear rate on various flow phenomenon outlined 
previously. 
 
Structural Bifurcation Analysis: In this section, we have been described the process of structural 
bifurcation in the flow’s topological structure to confirm our previous observations of vortex shedding 
phenomenon. The boundary layer separation theory given by Ghil et al.[7] is based on the structural 
bifurcation approach. The procedure of structural bifurcations occurs in 2-D unsteady incompressible 
shear flow past an array of square cylinders. It is a very useful approach to find the exact position and 
timing of separation points, recently described by Ray and Kumar[8]. The conditions for the fluid flow 
separates from a point P* on the cylinder surface, at time T* governed by N-S equations (1), (2) with no-
slip condition on the solid surface, are given by 
 

2

2
( , ) 0, ( , ) 0, ( , ) 0, ( , ) 0 (7)P T P T P T P T

t

w w w
w

t t
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Where ω is the vorticity, t is time and τ is the tangential direction to the surface. In our computations, 
we have simultaneously solved N-S equations with above conditions to find the position and time of 
bifurcation points. For complete procedure of bifurcation analysis, one can follow our recent paper [8]. 
In Fig. 5, we describe the occurrence of bifurcation points associated with the pair of secondary vortices 
formed on the surface of upstream cylinder for Re = 200, s/d = 1.0 at K = 0.0. Fig. 5(a) plots the surface 
vorticity distribution on upstream cylinder at time t = 0.3135. From the figure, it is clear that vorticity 
reaches zero at a point P1 (x, y) = (−0.38, 0.5) as a local maximum and increases with time. This implies 
that ω(P1 , T ) = 0, ∂ω ∂x (P1 , T ) = 0, ∂ ∂x 2ω 2 (P1 , T ) < 0 holds for P1 (x, y) = (−0.38, 0.5) and T  
= 0.3135. In Fig. 5(b), the time variation of vorticity has been plotted at point P1 (x, y) = (−0.38, 0.5) on 
the upper surface of the upstream cylinder. It is clear from the figure that vorticity reaches zero at T* = 
0.3135 and increases with time, i.e. ∂ω/∂t (P1*, T*) > 0.  
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Fig. 5: (a) Vorticity distribution along the surface of the upstream cylinder during the structural 

bifurcation at t = T* = 0.3135, (b) Time history of vorticity at points P1*(x, y) = (−0.38,0.5) and P2 (x, y) 
= (−0.38, −0.5) on the surface of the upstream cylinder for Re = 200 and s/d = 1.0 at K = 0.0. 

 
So, all the conditions stated in (7) are satisfied, which confirms that first structural bifurcation occurs at 
time t = T* = 0.3135.  
It is well known that flow is uniform and symmetric for K = 0.0, which is demonstrated by the fact that 
the second structural bifurcation also occurs at the same time t = T* = 0.3135 at the point P2*(x, y) = 
(−0.38, −0.5) (Fig. 5) on the lower surface of the upstream cylinder. In Fig. 6, we show the zoomed plot of 
stream function near the bifurcation points at t = 0.3135 and vorticity distribution along upper and lower 
sides of the upstream cylinder.  

 

  
Fig. 6. For Re = 200, s/d = 1.0 and K = 0.0, zoomed plot of stream function in the region [-0.6, 0.5]×[-0.6, 

0.6] at (a)t = 0.3135, (b)Vorticity profile along the upper side of the upstream cylinder, (c) Vorticity 
profile along the lower side of the upstream cylinder. 
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From the figures Fig. 6(b), Fig. 6(c) we can see that, there is no singular point exists in the neighborhood 
of P1*(x, y) = (−0.38, 0.5), P2*(x, y) = (−0.38, −0.5) on upper and lower side respectively for t < T*. When t 
= T*, there are two degenerate singular points P1*(x, y) = (−0.38, 0.5), P2*(x, y) = (−0.38, −0.5) exist on 
upper and lower sides of the cylinder. Again, two non-degenerate singular points namely P1(x, y), P2(x, 
y) exist on each side for t > T* in the neighborhood of P1* (x, y) = (−0.38, 0.5), P2*(x, y) = (−0.38, −0.5). 
This justifies the occurrence of first and second structural bifurcations at points P1*(x, y) = (−0.38, 0.5), 
P2*(x, y) = (−0.38, −0.5) at time t = T* = 0.3135. Similarly, we have been described the occurrences of first 
and second bifurcation points for Re = 200, s/d = 1.0 and K = 0.1 shown in Fig. 7. As we can see from the 
vorticity contours for K = 0.1, the flow is no more symmetric. So, the first bifurcation occurs at a point 
P1*(x, y) = (−0.34, 0.5) on the upper side of the upstream cylinder at time T1* = 0.2924. As time increases, 
the second bifurcation occurs at point P2* (x, y) = (−0.38, −0.5) due to formation of a tertiary vortex from 
the lower side of the upstream cylinder at time T2* = 0.3313. 

  
  

  
 

Fig. 7: Vorticity distribution along the surface of the upstream cylinder at (a) t = T1* = 0.2924, (c) t = T2* 
= 0.3313, time history of vorticity at point (b) P1*(x, y) = (−0.34,0.5), (d) P2*(x, y) = (−0.38, −0.5) on the 

surface of the upstream cylinder for Re = 200, K = 0.1 and s/d = 1.0. 
 
The process of occurrence of structural bifurcations for other parameter values, namely K = 0.2 for s/d = 
1.0 are the same. We have also carried out similar study for s/d = 3.0, for the same combination of Kʹs. 
The position and time of bifurcation points for all parameter values are shown in Table 1. From the table, 
it is clear that first and second bifurcations occur in a very small time difference for all parameter values. 
For K = 0.0, the two bifurcations, at the upper and lower sides of the cylinder are appearing at the same 
time due to the symmetric nature of the flow. For non-zero value of K, the first bifurcation always occurs 
from upper side of the cylinder and then the second bifurcation occurs from lower side. This is because 
of the shear effect in incoming flow, which delays the separation from lower side. One can also see that, 
the time of second bifurcation gradually increases with increase in K value for both s/d ratios. 
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          First bifurcation(P1*(x, y), T1*)           Second bifurcation(P2*(x, y), T2*) 

s/d=1.0 

K=0.0           ((-0.34, 0.5), 0.3435)                                ((-0.34,-0.5), 0.3435) 
K=0.1            ((-0.34, 0.5), 0.3391)                                ((-0.38,-0.5), 0.3467)           
K0.2             ((-0.34, 0.5), 0.3387)                                ((-0.38,-0.5), 0.3523) 

s/d=3.0 

K=0.0           ((-0.34, 0.5), 0.3451)                                 ((-0.34,-0.5), 0.3451)  
K=0.1            ((-0.34, 0.5), 0.3405)                                ((-0.38,-0.5), 0.3489)  
K=0.2           ((-0.34, 0.5), 0.3397)                                ((-0.38,-0.5), 0.3548)  

 
Table 1: Occurrences of first and second structural bifurcation points on the surface 

of the upstream square cylinder for Re=200. 
 
Conclusion: Theoretical validation of unsteady flow separation leading to vortex shedding for shear 
flow past three square cylinders in series for Re = 200 is presented in this paper. The vortex shedding 
phenomena and the variation of phase diagrams, centerline velocity fluctuations with gap ratio and 
shear parameter have been obtained. The existences of these flow phenomena have been further 
validated by using structural bifurcation analysis to understand the effect of gap ratio and shear 
parameter. The first and second bifurcation points corresponding to secondary and tertiary vortices 
have been located with the exact time of occurrence. One can observed that the two bifurcations from 
surface of upstream cylinder occur very closely in time for all K and s/d values considered here. One can 
also see that there is no bifurcation occurs on the surface of the middle and downstream cylinder at this 
Re value. It is therefore noticed that flow separation from the cylinder surface is influenced by K and s/d 
values, but not significantly for the current range of parameters. 
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