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Abstract: In this paper, we study the problem of tumor growth with both the diffusive as well as 
proliferative behavior of tumor. Over the past few years, study on untreated and treated brain tumors 
have been done by mathematical models. We consider a simple spatio-temporal mathematical model 
which is based on proliferation and diffusion that integrates the effects of radiotherapeutic and 
chemotherapeutic treatments, in an effort to improve treatment approaches. To solve the model 
equation a semi implicit finite difference method is used. A SIFD scheme has been designed for 
numerical solution of one dimensional nonlinear partial differential equation. The considered scheme 
accurateness is first order in time and second order in space. Numerical results are evaluated for 
different values of Diffusion coefficient and time steps are equivalent with exact solution. Here we take 
killing rate and proliferation rate of the cancer cells dependent on the concentration of the tumor cells 
in each case. Stability and consistency of the projected scheme is also validated for the model. 
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Introduction: In vivo tumor growth is a complex phenomenon containing many inter-related 
processes. Solid tumor growth occurs in two distinct phases, the initial growth being categorized as the 
avascular phase and the later phase of growth as the vascular phase. For the duration of the early 
avascular stage of solid tumour growth there may also be an immune response to the cancer from the 
host, with cells of the immune system responding to and attacking the cancer cells. In some case, this 
may result in the complete extinction of the solid tumor by the immune system leading to the possibility 
of the development of a cancer vaccination as one possible treatment therapy. Unfortunately, solid 
tumors do not always remain avascular. The transformation from avascular growth to vascular growth 
depends upon the crucial process of angiogenesis and is required for the tumor to achieve nutrients and 
dispose of waste products.  
 
The paper is structured as follows. Section 2, include the development of mathematical procedure to 
generate the model. Section 3, incorporate details of recommended differences scheme for model 
equation. To obtain the finite difference solution of model equation, the differential equation at each 
node is replaced by a difference equation. After considering boundary conditions in the difference 
equations in section 4, the resulting algebraic system of equations is solved in section 5. In section 5, 
accuracy of proposed scheme is verified by performing consistency and stability test. Conclusion is made 
in section 6. 
 
Mathematical Model: Modern tumor modelling techniques, either apply discrete cell-based tumor 
growth simulations concentrating in individual cell behavior, or follow continuum approaches dealing 
with the progression of tumor cell densities. This model is prepared by a virtual tumor and simulates 
multiple cellular micro-environmental interactions aiming to predict its spatio-temporal evolution. Here 
we shows the reasoning behind the approximation of a mass of tumor cells by a continuous density 
function. 
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The proposed nonlinear reaction–diffusion equation is defined by, 

 

Where, D  represents the flux/motility of tumor cells, M stands for their cell proliferation and K is the 
factor concerning the death of cancer cells due to micro-environmental conditions such as absence of 
nutrients and the beneficial effect of the applied treatment. Moyo and Leach have studied this model 
with the net proliferation rate of tumor cells  can be described by  being variable 
pretentious complete radial summery. 
The resulting governing equation reduces to the simple form, 

 

The net proliferation rate of tumor cells S can be described by either a simple linear function 

 , the second order polynomial equation  or the Gompertz law  

[5,16], where c is the concentration of cancer cells,  corresponds to the proliferation rate constant and  
stands for the tissue cell maximum carrying capacity. 

The deterministic equation which explanations for the growth and spreading of tumor cells under 
proliferation is the reaction-diffusion type equation: 

 

 
The rate of change of cell density 

at position x   = at time t 

change in cell 

density due to  +  random 

diffusion processes 

change in cell 

density due to cell 

proliferation 

 
where  is tumor cell density, D is the random diffusion (motility) coefficient,  is the reaction 
factor and  is the nonlinear reaction term to explain a nonlinear development rate 
which is relative to c, and diminishes as c expands, and vanishes when c = 1. 
 
The analytical properties and subsequent computation for minimum wave speed have been easily 
interpreted by removing the explicit dependence on coefficients D and  in (3) by a suitable rescaling of 

x and t. After rescaling the time  and space , and dropping the asterisk notation, 

eq. (3) becomes, 

 

 
Finite Difference Scheme: The solution domain is discretized with uniform meshes. The space interval 

 is divided into N equal subintervals. The time interval  is divided into M equal subintervals. 
Assuming  as the mesh width in space and  set as   for  Assuming 

 as the mesh width in time and is set as  for  
In this semi implicit scheme derivatives are calculated at n+1 time level whereas in explicit method 
derivatives are calculated in n time level. We use central difference formula in space and forward 
difference formula for time. But in equation (5) nonlinear term is also there in right hand side. For 
converting this nonlinear term into linear term we used method of lagging. In method of lagging one is 
calculated at n time level and other is calculated at  time level. 
The equation is given by,  

 

And the equation will becomes, 
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Assuming, 

 

 
Equation will be converted into, 

 
 
Above equation can be written in tridiagonal form as, 

 
 
Where,  and   are constants such that and  
Actually the constant p is a rate of proliferation which is dimensionless number which is called Fourier 
number. After assembling the entire system of equations and applying boundary conditions, the matrix 

form , where  is tridiagonal matrix of order  and are the vectors, where vector 

contains all known values and vector contains the value which we want to find out . 
 

 

 

 
Numerical Simulation: After presenting the proposed scheme, here the simulation of test is 
undertaken to validate the theoretical results obtained by the new scheme. Due to its transient nature, 
Fisher equation is difficult for carrying out the analysis. The boundary conditions have sufficient 
smoothness for maintaining the accuracy of the proposed scheme. MATLAB software is used to 
programme and generate the numerical solutions of boundary value problems. 
The model equation with initial condition and homogeneous boundary conditions are as follows  
 
Results and Discussion: Numerical results are computed using the proposed scheme in order to 
validate our proposed scheme with exact solution of the Fisher equation [14-17]. The graphs are the 
results obtained. Here we observe the changes in the result with variation in time and space steps. The 
different parameter values which considered are as follows: diffusion coefficient (D) = 1 and proliferation 
intensity ( ) = 6, and Fig (1) are the results when no. of time steps = 50, no. of space steps = 50. Fig (2) 
are the results when no of time spaces =100 and no of space steps=100. 
 

Table 1: Numerical Results Generated by Semi-Implicit Method 
with x=0.25, t=0.001, at Final Time t=0.01 

 
Value of x Numerical Solution Exact Solution 

0.0 0.2627 0.2626 

0.25 0.2027 0.2026 

0.50 0.1516 0.1516 

0.75 0.1101 0.1100 

1.00 0.0778 0.0777 
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Fig. 1: When no. of Time Steps = 50, No. of Space Steps = 50 

 

 
Fig. 2: When No. of Time Steps = 100, No. of Space Steps = 100 

 
5.1 Stability Analysis: For finding stability of Fisher equation we are using matrix analysis, Fisher 
equation is a nonlinear equation and to find its stability we are assuming  as a constant, therefore 
writing the equation (7) in terms of constant   . 
 
So, coefficient matrix for equation (6) can be given by, 
 

 

 
 
Here,  which is also a constant. The coefficient matrix is symmetric and 
positive definite, then its Eigenvalues are also positive and to minimize the errors Eigenvalue of 
coefficient matrix must be less than or equal to one, so . 
 
5.2 Consistency: A finite difference representation of PDE is said to be consistent if we can show that 
the difference between PDE and its FDE representation vanishes as mesh is refined. 
So we can write as, 
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Since  and  approaches to zero, so from equation (13), local truncation error becomes zero, 
therefore proposed scheme is consistent. And solving the equation (12) and comparing with equation (5) 
we can say order of our proposed scheme is first order in time and second order in space. 
 
Conclusions: The goal of the present work is to investigate the wide-ranging mathematical model by 
numerical approach which involve real physical phenomena. In this, we have briefly described the 
evolution of mathematical models for tumor growth and invasion. The solution of the model equation is 
successfully approximated by a new high-order numerical method. The obtained numerical results are 
compared with the exact solution and the earlier work. As the numerical results showed, performance of 
the method is in excellent arrangement with exact solution. The projected scheme is a semi implicit 
scheme which is second order accurate in space and first order accurate in time. Stability and 
consistency of the proposed scheme is also been validated. 
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