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1. Introduction: In this paper we make use of the fractional derivative operator   defined as follows 
for an analytic function      in a simply connected region of the complex -plane containing its origin. 
 
Definition 1.1: The fractional derivative of order   is defined for a function      by 

 and    

 

 . 
Let   denotes the class of functions       of the form 

 

which are analytic in the open unit disk   .   Then   

and      

  
Let us now define a new subclass    of  . 
 
Definition 1.2: A function     is in the class   if it satisfies the analytic criteria 

      
 

Many subclasses of the class  were studied in [1], [5], [6], [7] and [8]. The class  has 
got introduced in [3] and also studied in [4]. Several interesting properties of functions in the class  

  are investigated. 
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2. Coefficient Estimates: Now, we obtain a necessary and sufficient condition for a function   to be in 
the class  
 
Theorem 2.1:  A function of the form (1) is in the class   if and only if 

 , 

where  

 
Proof: Let the function    defined by (1) be in the class   Then 

. 

 

Letting  to take real values as   , we get 

Equivalently, 

which yields   

where 

Conversely, assume that  of the form (1) satisfies the inequality (5). Then 

 

 

 

 

 



Mathematical Sciences International Research Journal Volume 7 Issue 1                   ISSN 2278-8697 

 

 
IMRF Biannual Peer Reviewed (Referred) International Journal | SE Impact Factor 2.73             |    177  
 

 

 , 

where  

Hence   . 
 
Remark 2.2: For   result (5) coincides with the result obtained for the class   

in [2]. 
 
Remark 2.3: For  result (5) coincides with the result obtained for the class 

 in [4]. 
 
Remark 2.4: For  result (5) coincides with the result obtained for the class   
 in [8]. 
 
Corollary 2.5:  If    then  

  where 

and equality holds for the function 

 

 
3. Growth and Distortion Theorems: Here we obtain distortion inequalities for the functions 

associated with the fractional derivative operator    
 
Theorem 3.1: If    then 

and 

  
where  

The result is sharp. 
Proof. By using Theorem 2.1, we have 

      
where    is defined by (9). 
From (2), we have     
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where 

Since   is a decreasing function of , we find that 

and 

  
Using (10) in (11) and (12), we get (7) and (8). 
Hence proved. 
The sharpness of the result follows by taking 

 
where  is defined by (9). 
Letting     in Theorem 3.1, we obtain the corollary given below. 
 
Corollary 3.2:  If , then 

and 

 

 , where    is defined by (9). 
The result is sharp for the function    given by (13). 
 Letting     in Theorem 3.1, we obtain the corollary given below. 
 
Corollary 3.3:  If   , then 

 

 and             

 

  , where      is defined by (9). 
The result is sharp for the function    given by (13). 
 
4. Closure Theorems: 

Theorem 4.1: Let the function    defined by 

be in the class Then the function   is defined by 
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Proof: Let  

  where  

 

Using Theorem 2.1, it is sufficient to prove that 

 

  where   is defined by  (6). 

Since  ,   using Theorem 2.1, we get 

 

 

      

 

This implies    
Hence proved.  
By taking     and    in Theorem 4.1 we obtain the corollary 
given below. 
 
Corollary 4.2: Let the function   defined by (1) and the function  defined by 

 be in the class  
Then the function    defined by     is also in the class  . 
 
Theorem 4.3 Let the function    defined by (1) be in the class  Then 

 

Proof: Let the function   be defined by  

. 

Using Theorem 2.1, we get 

 

which implies     Hence proved. 
 
5. Convolution Result: 

Definition 5.1: For the two functions   with 

 and  

 the Hadamard product (or convolution)     is defined by  
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Theorem 5.2: If     with  

  

Then   where   is defined by (15). 
 
Proof. Since  by Theorem 2.1 we have, 

 and 

 

We know that 

 

 

 

 
 

Thus  

 

, where   is defined by (6).     
This implies   
Hence the result is proved. 
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