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Abstract: In  this  paper ,  we  introduce  the  new  class  of  closed  sets  called  nano -closed  sets  in   
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I.  Introduction: Njastad [9], Levine [5]  and  Mashhour et al [7]  respectively  introduced the notions of  

-open, semi open and pre-open sets. Masshour [8] has  also  introduced the concept of  -continuous 
mappings  and  -open maps. The class  of  -irresolute  maps  was  introduced  by  Maheswari  and  
Thakur  [6].   M. Lellis Thivagar [3]  introduced  the  notion of  -closed  set in topological space. He 
also introduced  the nano  topological  space  with  respect to  a  subset  X of  a  universe which is  
defined in terms  of lower and  upper  approximations of  X. The elements of  Nano topological space are  
called Nano open sets [4]. He has also defined  Nano closed sets, Nano-interior  and  Nano closure of a 
set.  He also introduced the weak forms of Nano open sets namely Nano -open sets, Nano semi open 
sets and Nano pre open sets.  He also defined Nano continuous functions and  Nano  irresolute. 
 
II. Preliminaries 
Definition 2.1.[3]: A -closed set if cl(A)  G whenever A G and G is semi-open in (X, ).   The 
complement of a -closed set is called a -open set. The family of all -open set, denoted by  or 

O(X) is a topology on X, which is finer than . The interior and closure operator in (X, ) are denoted 
by  and  respectively. 
 
Definition 2.2.[10]: Let A be a subset of a space (X, ). Then 
(i)  A is  -closed in X if and only if A =  (A). 
(ii)   (X\A) = X\  (A). 
(iii)  (A) is  -closed in X. 
(iv) x  (A) if and only if A  G   for each -open set G containing x. 
(v)  (A)  (A). 
(vi) (A)   (A). 
 
Definition 2.3.[4]:  Let  be a non-empty finite set of objects called the universe and R be an 
equivalence relation on named as the indiscernibility relation. Then  is  divided into disjoint 
equivalence classes. Elements belonging to the same equivalence class are said to be indiscernible with 
one another. The pair ( ,R) is said to be the approximation space.  Let X . 
(i)The lower approximation of X with respect to R is the set of all objects, which can be for certain 
classified as X with respect to R is the set of all objects, which can be for certain 
classified as X with respect to R and it is denoted by R(X). That is, , 
where x) denotes the equivalence class determined by x. 
 (ii) The upper approximation of X with respect to R is the set of all objects, which can be    
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 possibly classified as X with respect to R and it is denoted by UR(X).  
 That is, UR(X) =  . 
 (iii) The boundary region of X with respect to R is the set of all objects, which can be classified  neither 
as X nor as not-X with respect to R and it is denoted by R(X). 
That is, R(X) = UR(X)  
 
Property  2.4.[4]: If ( ,R) is an approximation space and X,Y  , then  
(i) LR(X)   X   UR(X). 
(ii) LR(  ) = UR(  ) =   and LR(X) = UR(X) =  . 
(iii) UR(X  Y ) = UR(X)  UR(Y). 
(iv) UR(X  Y )  UR(X) UR(Y). 
(v) LR(X  Y )  LR(X)  LR(Y). 
(vi) LR(X Y ) = LR(X)  LR(Y ). 
(vii) LR(X)  LR(Y) and UR(X)  UR(Y) whenever X  Y. 
(viii) UR(Xc) = [LR(X)]c and LR(Xc) = [UR(X)]c. 
(ix) UR UR(X ) =  LRUR(X) = UR(X). 
(x) LR LR(X) =  UR LR(X) = LR(X). 
 
Definition 2.5.[4]: Let  be the universe, R be an equivalence relation on  and  

R(X) = { ,  LR(X), UR(X), BR(X)} where X  . R(X) satisfies the following axioms: 
(i) and    R(X). 
(ii) The union of the elements of any subcollection of R(X) is in R(X). 
(iii) The intersection of the elements of any finite subcollection of R(X) is in R(X). That is, R(X) forms 
a topology on  called the nano topology on  with respect to X. We call ( R(X)) as the nano 
topological space. The elements of R(X) are called as nano-open sets. [ R(X)]c  is called as the dual nano 
topology of R(X). Elements of [ R(X)]c   are called nano closed sets. 
 
Definition 2.6.[4]: If ( R(X)) is a nano topological space with respect to X where X   and if A , 
then the nano interior of A is defined as the union of all nano-open subsets of A and it is denoted by 

 That is,  is the largest nano-open subset of A. The nano closure of A is defined as the 
intersection of all nano closed sets containing A and it is denoted by . That is,  is the 
smallest nano closed set containing A. 
 
Definition 2.7.[4]: Let ( R(X)) be a nano topological space and A . Then A is said to be 

(i) nano semi-open if A   

(ii) nano pre-open if A   

(iii) nano -open if A   
(iv) nano -open if A   

 (v)  nano b-open if A     

SO( PO( ,  or O(  and bO(  respectively denote the familes of all nano 
semi-open, nano pre-open, nano -open, nano -open and nano b-open subsets of   
 
Definition 2.8.[4]: Let ( R(X)) and ( (Y)) be nano topological spaces. Then mapping 

 ( (Y)) is  

(i) nano continuous[3], if (B) is nano closed in  for every nano closed set B in  
(ii) nano -irresolute, if (B) is nano -closed in  for every nano -closed set B in  
(iii) nano -continuous[3], if (B) is nano -closed in  for every nano closed set B in  
 

Definition 2.9:  A of a space A subset  is  called 

(i) Nano generalized-closed (briefly nano g-closed) if  whenever A G and G is nano open set 

in  

(ii) Nano - generalized-closed (briefly g-closed) if  whenever A G and G is nano open 

set in  
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The complement of a nano g-closed(resp.nano -closed) set is called nano g-open(resp.nano -open) 
 
III. Nano -Closed Sets: In this section we discuss about the notion of nano closed sets in terms 
of nano  -closure and study their basic properties. 
 

Definition 3.1: A subset A of a space is called -closed (briefly -closed) if 

whenever A G and G is -open in . The complement of nano  -closed set is nano -

open set. 
 
Definition 3.2: If A  then the nano  closure denoted by  is defined as the smallest 
nano -closed set containing A. The nano -interior of A, denoted by  is defined as the 
largest nano -open subset of A. 
 
Example 3.3: Let    = {a, b, c} with  /R = {{a,c},{b}}. If X ={c}, then R(X) = { ,  ,{a,c}}. 

O( { , ,{a},{c},{a,c}}. Let A {a,b}. The nano -open set are , . 
The only nano -open set containing A is  and hence,   whenever G is nano -open and 
A G. Therefore A is nano -closed in . Therefore, Ac = {c} is nano  open. Let A = {a,c}. Then 

 = {a,c} and  
 
Remark 3.4: For subsets A, B of a nano topological space (U; R(X)),  
(i)  
(ii)  
 
Theorem 3.5: In a space (U; R(X)), every nano -closed set is nano -closed set. 
Proof: Let A be a nano -closed set and G be any nano -open set containing A. Since A is nano  -
closed, cl(A) = A G. Hence A is nano -closed set.                                                         
 
Corollary 3.6: Every nano closed set is nano -closed. 
Proof:  Every nano closed set is nano -closed and hence nano -closed. 
 
Remark 3.7: A nano -closed set need not be nano -closed as shown in the follwing example. 
 
Example 3.8: Let  = {a, b, c, d} with  /R = {{a,c},{b},{d}}. If X ={b,c}, then R(X) = 
{ , ,{b},{a,b,c},{a,c}}. Nano -closed sets are , ,{d},{b,d},{a,c,d}. Nano -closed sets are 

, ,{d},{a,d},{b,d},{c,d},{a,c,d},{b,c,d},{a,b,d}. Let A = {a,d}. The set A is in nano -closed set but not in 
nano -closed. 
 
Theorem 3.9: Every nano -closed set is nano  -closed set. 
Proof:     Let A be any nano -closed set. Let G be any nano open set containing A such that  

. Since every nano open set is nano -open, we have  for every 
subset A of . Hence A is nano  closed set.                                         
 
Theorem 3.10:  Every nano -closed set nano  –closed. 
Proof:  Let A be a nano -closed set and G be any nano open set containing A. Since A is nano -
closed and every nano open set is nano -open , . Hence A is nano -closed.      
                                                                                                                                                 
Remark 3.11: The converse of the theorem 3.9 and 3.10 need not be true as shown in the following 
example. 
 
Example 3.12: With , /R and X as in example 3.3. The nano -closed set and nano -closed sets are 

, ,{b},{a,b},{b,c}. Here {a} and {c} are nano -closed but not in nano -closed and nano -closed 
set. 
 
Theorem 3.13.  If a set A is nano -closed, then  contains no nonempty nano closed set. 
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Proof:   Let A be nano  -closed and  be a nano closed subset of . Then A  and  is 
nano open and hence nano -open. Since A is nano  -closed, . Therefore, 

and hence . That is,  = . Thus  cannot have 
any non-empty nano closed set.                                                                                      
                                           
Theorem 3.14: In a space ( , R(X)), the union of two nano  -closed sets are nano -closed set.     
Proof:  Let  and  be two nano  -closed sets, Let be any nano -open set, such that . 
Then  and . Since  and are nano -closed set,  and  . Therefore 

  Hence is nano  -closed set.                                                                                            
 
Example 3.15:  Let  = {m,n,o,p} with /  = {{m,o},{p},{n}} and X = {m,n} . Then R  = 
{ , ,{n},{m,n,o},{m,o}}. Nano -closed sets are , ,{p},{m,p},{n,p},{o,p},{m,o,p},{n,o,p},{m,n,p}. If A 
= {n,p} and B = {o,p} is nano -closed set. Clearly A B = {n,o,p} is nano -closed. 
 
Remark 3.16: The intersection of two nano  -closed sets need not be nano  -closed as shown in the 
following example. 
 
Example 3.17: With , /R and X as in example 3.15, Ia A = {m,p} and B = {m,o,p} is nano -closed set, 
then A B = {o} is not in nano -closed. 
 
Theorem 3.18: If A is nano -closed and A B , then B is nano -closed. 
Proof:   Let  be a nano -open set of ( , R(X)) such that B . Then A . Since A is a nano -

closed set, .AlsosinceB , . Thus  . 

Hence B is also a nano -closed subset of ( , R(X)).        

 
IV. Nano -Continuous and Nano -Irresolute: In this section we establish certain weak forms of 
nano -continuous and nano -irresolute function that are defined in terms of weak forms of nano 
open and closed sets 
Definition 4.1: A function  ( , R(X))  is called 
(i) Nano -continuous (briefly nano -continuous) if (B) is nano -closed (resp.nano  open) 
in  for every nano closed set B (resp.nano  open) in  
(ii) Nano -irresolute if (B) is nano -closed(resp.nano  open) in  for every nano -closed 
set B (resp.nano  open) in  
 

Theorem 4.2: The following are equivalent foe any function  ( , R(X))  

(i)  is nano - continuous. 
(ii) For every  and for every nano open set F in  such that  B, there exists a nano -open 
set G in  such that  and (G)  

(iii) For every A    

(iv) For every B    

Proof: Assume (i). Let x   and B be a nano-open set in  such that f(x)  B. Since f is nano -
continuous,  (B) is nano -open in . Let G =  (B). Then f(G) = B where G is nano -open in  
and x  G. That is (i) (ii). Now, assume (ii). Let B be nano-open in . We know that 

 . Let x  (B). Then f(x)  B and B is nano open in . Therefore, there exists a nano -open 
set G such that x G and f(G) B. If x , then G1   for every nano -open set G1 
in  containing x and hence, in particular, G  . Therefore, f(G)  , which is a contradiction. 
Therefore, x . Thus,    and therefore,  = 

. Hence  is nano -open in . Thus, the inverse image of every nano-open set 
in  is nano -open in . Hence, f is nano continuous. Thus (ii)  (i). Therefore (i) (ii) 
 
Now, assume (ii). Let A U and let y  Then y = f(x) for some x . Let B be a 
nano-open set in  such that y  B. Then there exists a nano -open set G such that x G and f(G) B, 
by (ii). Since x , G A  . Therefore, f(G A)  . Since f(G) B, B f(A)  . Thus, 
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whenever B is nano-open in  and x  B, B f(A)  . Therefore, y . Therefore, 
f( ) . That is (ii)  (iii) 
Next, assume (iii).  Let x  and B be a nano-open set in   such that f(x) B. Let A = . Then x 

A and F C is nano closed. Also by (iii), , since  = 

, as  is nano closed. Therefore, . That is, 

. Therefore, A = . Since x A, x  Therefore, there exists a 
nano -open set G containing x such that G A = . That is, G AC . Thus, f(G) f(AC ) . Thus for 
every x  and for every nano-open set B in  containing f(x), there exists a nano -open set G 
containing x such that f(G) . Therefore, (iii) )  (ii). Thus (ii)  (iii). 
 
Now assume (iii). Let B . Then . Let A =   in (iii). Then 

. Therefore, . That is, (iii)  (iv). If (iv) holds 

and A , then f(A) .  Let B = f(A), in (iv).  Then . That is, 

  . Therefore,  . That is, (iv) )  (iii). Thus, 

(iii) (iv).     
 
Theorem 4.3: If a function f : is nano -irresolute, then f is nano -continuous. 
Proof:   Since every nano closed set is nano -closed, the inverse image of every nano closed set in  is 
nano -closed in , whenever the inverse image of every nano -closed. Therefore, any nano -
irresolute function is nano -continuous. 
 
Theorem 4.4: Let ( , R(X)) ,  be nano topological spaces. If  and 

are nano -irresolute. 
Proof:   Let G  is nano -open, then  is nano -open in  since  is nano -irresolute. 
Since  is nano -irresolute, (G)) is nano -open in . Thus (G) is nano -open in 

. Therefore, is nano -irresolute. 
 

Theorem 4.5: If f :  is nano -irresolute and  is nano -continuous, then  :  
 is nano -irresolute. 

Proof:   Let  be nano-open in  is nano -open in , since  is nano -continuous. 
Then   )= (G) is nano -open in  and hence  is nano -continuous. 
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