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Abstract: We study a M/G/1 queuing system where the arrival follows poisson process. The server
provides service in a single stage. The server follows a Bernoulli schedule vacation and the system break
down at random due to unavoidable circumstances. The main new assumption in this paper is the repair
process is getting delayed in two stages, in which the second stage of delay is optional. Another concept
of Reneging takes place during the second stage of delay process and a stand by server is provided
during Bernoulli vacation. We assume that the service time, vacation time, delay time and repair time
follows a general distribution. Service interruption follows exponential distribution. The steady state
solution and all the other queue performance measures have been found by using supplementary
variable method.

1. Queuing model: In recent years queues with server vacations have emerged as an important area of
queuing theory and have been studies extensively and successfully due to their various applications in
production and communication. Vacation queues have been analyzed by numerous authors . The
concept of reneging, standby server and the stages in delay are the newly added concepts in this article
.All the above parameter play a prominent role in real life situations where the queuing is considered to
a maximum usage. Customers arrival at the system Poisson process and they are provided one by one
service on a ‘first come’-first served basis. &; = 0 is the mean arrival rate of customers. The service time
follows general (arbitrary) distribution with distribution function A(s) and density function als). Let
6,(x)dx be the conditional probability density of service completion during the interval

{x,x + dx).given that the elapsed time is x so, 8,(x) = :'j:_:_'r\l

il

als) = 8,(s) g~ Bdx A¢ coon as a service is completed, the server may go for a vacation with
probability m(0 = m = 1) or it may continue to serve the next customer {1 — m).d)The server’s vacation
time follows a general(arbitrary) distribution with distribution function B{s)} and density function
b(s).Let f(xJdx be the conditional probability of a completion of a vacation during

theinterval(x, x + dx).sothat#, (x) = % and bis) =8,(s)e” fp 8l

A stand by server is introduced during the Bernoulli schedule server vacation. This additional concept

follows exponential distribution with parameter T >o0. On returning from vacation the server instantly

starts serving the customer at the head of the queue, if any. The system may breakdown at random and

breakdowns are assumed to occur according to a Poisson stream with mean breakdown rate ¥ = 0.The

server’s first stage of delay time follows a general(arbitrary) distribution with distribution function C(s)

and density function c{s). Let ¥, (x)dx be the conditional probability of a completion of a delay time
£(x)

during the interval (x.x + dx). s0 3, (x) = o, and c(s) =y, (s)e” 2% The server’s second stage of
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delay time follows a general(arbitrary) distribution with distribution function I'{s} and density function
d(s).Let ¥;(x)dx be the conditional probability of a completion of a delay time during the interval

(x,x + dx), so y, (x) = i;lﬁ and d(s) = y,(s)e” brt@dx e concept of reneging takes place during the

second stage of delay. Customers arriving for service may become impatient and renege after joining
during second stage of delay. Reneging is assumed to follow exponential distribution with parameter .

Hencef (t) = we™**dt,w > 0. Thus wdt is the probability that a customer can renege during a short

interval of time (t,t +dt).The server’s repair time follows a general (arbitrary) distribution with

distribution function W(x) and density function wix). Let f(x}dx be the conditional probability of a
wix)

completion of a delay time during the interval (x.x+ dx),soRepair time g(x) =T

wls) = pls) e

2. Steady State Equations Governing The System:
The system has the following steady state differential equations:

For service,a—i R, G + (8, + 8,(x) + IR, (x) = 6, Ry _,(x) (1)
ZRy(x) +(6, +8,(x) + YR =0 (2)
For vacation ,i Qo) +08, +8,(x) +100,(x) =8,0,_, (x) + 7Q,.,(x) (3
= Qo) + (6, + 8, () + Qo) = 7Q, &) (4)
For first stage of delay,ﬂirﬂrgﬁI () + (8, + 1, &) }Déﬂ (x) =8, Dé iﬂﬂ (5)
2070 + 68, +12() +@)D” () =8,0,0,(x) +  wDy(x) (6)
For second stage of delay,ﬂirl]'[;:!:I () + 08, +y.(x) + w]D[;ﬂ{x] = wD,(x) (7)
For repair process,;jﬁ'n () + (8, 4+ 8&) +K,(x)) = 8,K,_,(x) (8)
ZKy(x) + (8, + 80) + o)) = 0 (9)
M =(1-p) ], Ry()8,dx+ [, Q)6 (ddx + [ K(x)plx)dx (10)

The following boundary conditions are used to solve the above differential equations.For n = 0

Bn(0) = (1 —p) [y Rpys (6, ()dx + 77 Qner (06 (dx + f7 Knyy ()BGdx,  (11)

Qn(0) =m [; R, ()8, (x)dx, n=0 (12)

0,7 (0) = ;" Rys(x) dx )

D2 = [T DE )y, () dx (14)

K, (0 = [T D7 () () dx (15)

D) = D (0) = Ky(0) =0 (16)

We multiply equation (1) by 2" and sum overn from 1 to o2, add this equation to (2) we get,
—R(,2) + (8, — 8,z + 6,(x) + IR (x.2) = 0 (17)
Similarly,;j Qo(x.z) + (B,_ —8z+6,(x) +7— i) Q;lx.2) =0 (18)

0, (x.2) + (6, - 6.2 +7,))D; " (w.2) = 0 (19)

0, (D) + (6 -8z + 1) +o-2) D k) = 0 (20)

=K, (x.2) + (6, — 6,2+ B())K, (x,2) = 0 (21)

Multiply ~equation (1) by z™*' and summing overn from 1to @, and wusing eq
10,wegetzR,(0.2) = [(1 —x) [] R (x. 28, ddx + [ Q,(x.2) 8, (x)dx + [ K, (. 2)B(x)dx] — &,M
(23)

Following the same procedure for equation (12) - (15),we get
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Q.(0.2) = mf, R.(x,2) 8, (x)dx (24)
DP(0,2) = wz J; Ry (x.2) dx = pzR, () (25)
DP(0.2) = r [ DY (r. D)y, () dx (26)
K, (0,2) = [} D7 (x.2)y, (Max (27)
Consider equation (17) and on integration,

Rq' (x,2) = Rq' I:U,Z]E‘_[E"_E"xﬂ;ﬂx_'r" 83 (21 dx (28)
Again integrating by parts, we get R (z) = R.(0,z) (W) (29)

1—%1

Where 4(6, — 8,z + @) = [, e~®:~812+¥)¥ g 4(x) is the Laplace Stieltje’s transform of the service time
Alx).

Multiply both sides of equation (28) by &, (x) and integrating over x, we

getfy R, (x.2)8, (x)dx = R_(0.2) A(6, — 8,z + ) (30)

Applying the same procedure for equation (18),(192,(20)and (21),we get

_ l—E[.Ei—EixH—;
Qq{Z] =mA (0.2) A(B; — B,z +¥) R (31)
Jy 0,028 (Wdx = mR,(0,2) B (6, — Bz + 7 ) (32)
Wy~ _ 1- 78y —ByZ+ W £ 1-C(8y —Bym)
D" @) = 2Ry (0,7) (g (L) (33)

Jy D Dy W dx = 2R (0,2) (LB ) e g, ) (34)

91 —913+ w
[
1] _ (1 A8 -8, 2+ |;,"_'|) =en 1-17[_51-51“&-—;}
D, (z) = vz R, (0.2) oty JCEL— 8i2) (—Ei_ﬂixm_% 35)
= ) _ TyaRg (03)(1-Al8;-8,3+y))C(8, ~8,7)0(8y ~8y 2+ 0%
Iy D" 2y, (Kddx = P (36)
o ripzRg (0.2)(1-A08;— 8,z +y) ) C(8y— 8y )08y —Byz+ w2 ) By -8y 2+ -2 ) (1- 1P (8, — 832
Kqla) = (By— 8y 5+ (83 -8y 2) G7)
s Ag(0.2) (1 - A8y 8y 2+l )18y - 6y3)
= B 8,—8; 2+w—% | W8, ~842)
Iy K. 2)plx)dx = P (38)
_— . — (8,08 —Byzeup
Substituting(30),(32)and(38)in(23),wegetR, (0, z) = W (39)

8, M (1-AT8, -8, z+1]

Substituting (39) in 29, 31, 33, 35, 37, we getR,(z) =

diz)
_H‘iﬂ-fm.-ﬂﬂi —_ H,_z + Tll!l'] (1 — E (91 — le + T — i))
Q,(z) = D
(D —8, My=z(1 — A8, — 8,z +u) )Q - Cr8, — 8, 2))
D, (z) =
d(z)
o —6,Mryz(1— A6, — 6,z + ))C(6, —6,2){(1 - D (6, — Bz + w - f)}
D, (z) =
d((z)
X, @ = —8y M (1418, — 8z ) cr_si—a;rx:.n{ 8y —8y7+w - [ 1-1P (8, 8,2
(2]
Where

Q) = (8, ~ 8,z +y) (2 - A6, ~6,2 +9) —mA(8, — 6,2+ YB (6, — Bz + 7 1)) —ry(1 -

b
Al

A, - 8,z +))C(6, - 6,2)D(8, - 6,z + w — )W (6, —6,2)

z

3. The Distribution of Queue Length at Any Point of Time: The Probability generating function of
the queue size is
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L2 =R, +¢,=) + D" @) + D7 @) + K,(z)
That is adding all the above we get the probability generating function of the queue size as

)
M (Z) = 22 (40)
T

D& = (6, 6.z + )z A6, — 8z +y) —mAle, ~ 6,2 + B (6~ Bz +7—3)) —ryz(1-

A6, 8,z +y))C(E, —6,2)D(8, — 8.z +w ) W(8, —6,2)} (6, —6,2) (8, — 8.z +w — =) (8, -
thz+ T —i)
T

NG = (-6,00{(1- A6, -8z + ) (8 -8z +7-3) (6, - 6,2 (8, - Bz +w-2)} +

Z. Z
T ol

(—8,Mm) {48, — 8,z + ¥) (1 ~B(6, —6z+ 7 —)) 6, — 6z + 96, — 6,2 (8, — Bz +w - =)} +

Z z

(~8ymyz) {(1- A6, — 6,z + )1 ~ C6, —6,2) (6. 61z + 7—2) (6, — Bz +w - 2)} +
(—8,mryz){(1 — A8, — 8,z + w))E(E —6,7) (1 ~5(6 -Gzt w— E))(el ~6,2) (6, — Bz + 7-

-4

N+ o, i) ((1- A6, — 6,2+ 9))C6, —6,)D (6, — Bz +w-2)(1-W (6, —6,2) (6, -
Bzt T —EJ(E,_ -Gzt w —EJ}

-4

Since Equation (39) is indeterminate of the form [—; at z = 1, we use L'Hopital’s Rule on Equation (39) to
obtain

Mq(1) = 6{(r — 8,18, (w — 8,)(1 — A WE(C)+ E(D) + E(W) — 1) + E(B)(z — 8, )y8, (e —

8, JA{6(—8,)(w — 8, )(x — 8, 03[8((—6,)(1 — E(A)(—8,) — mE(4) (—8,)B + A(y) E(B)(—8, + 7)) +
3((w) (—E(A%)8F — m[E(A?)87 + 6, E(A)(z — 8,)E(B) + E(A)6,E(B)(r — 6,) + E(B})(x — 8, FF) —
6((—y)r[2(1 —A@) )-8, )E(C) + 2(1 — A(y) J(w — 8, )ED) + (1 — AGp)) (—8)EW) +
(—8,)2(—E(4%) + 26, E(4) (e — 8,)E(D) — 6FECAEW) + (1 — A(w))eZE(CH) +

(1— A@))ef E(C)EW) + 2(1 — Aly) ) (-8, )E(CIED) (w — 8,0 + (1 — A) JE(D*Ww — 8,07 +

(1- A )ED)(—8,)(w — 8,0 — 26, ECA ) + w(1 — E4) (—8,) —mE(A) (—8,)8 + AE(A) (-8, +
) + (1 — AQp) — mlE(B)(w — 6,)A)1(-8g,)] ~*

In order to determine the probability of idle time . we use the normalizing condition M, (1) + @ =1
and Utilization factor g can be found

4. Performance Measures of The Model Defined: Let L. denote the mean queue size under the
steady state
Then _ _

d N0 -p" (ONT (1)
Ly=M; (z) ;o4

z[D‘“ E:_‘Ij;l2

(41)

Where primes in the above condition indicate fourth and fifth primes at z = 1 individually. Completing
the subordina at z =1, we have B
N™V(1) = 6{(t — 8,)8, (w — 8, )1 — AQWE(C) + E(D) + E(W) — 1) + E(B)(z — 8, w8, (o — 8, )A(y)}
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N"(1) = 64 ()62 (w — 8,00z — 8,)[3y + 3E(C) + 3E(D) + 3E(W) — 4] + 6(1 — Aw))8, [4r(w — 8,) —
3EGBNw — 8,0z —8,)8, —2E(C* W w -8, )7 —-8,)8, —4E(Cewlr —8,) —4E(Chlew — 8, ) +

3E(CHew -8,z —8)+2E(D¥ Nz — 8, Wew —8,) —4E(D)wlr —8,) —4E(D)t(w — 8,) + 3E(D) e —
g,z —8,)+3ECIEWD)G (e — 8,0z —8,) + 2E(W3)8, (w0 — 8, )7 — 8,) —4EW)tl{ew — 8, ) —
AEW)awlr — 8, ) —3EDEW)r — 8, Wew — 8, P + 3EC)EW e — 8,0z — 8, ) + 2[E(B*Nw — 8, ) (z —
8, hp — 4E (Blyr(w — 8,) + 2E(Blylw — 8,)(r — 8,)] — 1298, (& — &, J[E(B*)(r —8,)* — 2E(B)T +
E(BYz —8,)]

D (1) = {6(—8, ) (w — 8,z — 8, )}[8((—6,)(1 — E(4)(—8,) — mE(4) (6,0 + A@y) E(B)(—8, +
7)) + 3(() (—E(42)87 —m[E(4%)8} + 6,E(A) (x — 8,)E(B) + E(4)8, E(B)(r — 8,) + E(B*){(z — 8,)%) -
6((—y)r[2(1 — A )-8, )E(C) + 2(1 — A(y) )(w — 8,)ED) + (1 — AGp)) (—B)EW) +
(—6,)2(—E(A4?) + 26, E(A) (e — 6,)E(D) — 62ECAVEW) + (1 — Aw))e2E(CH) +

(1- A@))eZE(C)EW) + 2(1 — Alw) ) (-6, )E(CIED) (w — 8,) + (1 — A@) )E(D*Nw — 8,)* +

(1- A@))EWD) (-8, (w —8,) — 26, EC ) + w(1 — E(4) (—8,) —mE(4) (—8,)B + AW)E(A) (-8, +
D) + (1 — A@w) — mlE(B)(w — 6, )A(w) 1(—86,)]

D¥(1) = {6(—8,)(w — 8,)(r — 8,)[10(=8,)(1 — E(A)(—8,) — mT (—8,)F + AR EB) (-8, + 7)) +
2((w) (—E(A*)87 — m[E(AY)87 + 6, E(A)(r — 8,)E(B) + E(A)6,E(B)(x — 6, ) + E(B¥)(x — 8, %) —
a((—y)r2(1 — A@) )(—8,)ECC) + 2(1 — AG) ) — 8,)ED) + (1 — A@)) (-8 )EW) +
(—6,)2(—E(A?) + 26, E(A) (e — 6,)E(D) — 62ECA)EW) + (1 — Aw))eZE(C™) +

(1— A@))eZE(C)EW) + 2(1 — AQy) ) (-8, )E(C)EWD) (w — 8,0 + (1 — A@) JE(D Nw — 8,)% +
(1-A@))EWD) (-8, w — 6,) — 26,E(4) ]| + (—6,)(—E(4¥)87 — mIE(4%)6% + 6, E(A)(r — 6, )E(B) +
E()8,E(B)x —8,) + E(B™)x — 8,* 1 + (11[(—8,} (200 (o0 — 8,)] + 12[(—8, e — 8,0 (-2 1} w(1 -
F(—6)—md (-8,)E + AE®) (-6, + 1) + w(1 — E(A) (=6,) —mT (-8,) + AQIE(B)(—6, +T)) —
rp[1— A@) + ECA)(—6,) + (1 — AQw) )8, E(C) + (1 — AG) )8, E(W)]

Other Performance measures L, W, W, can be derived using Little’s formula L = Lq + p, W q = Lg/4 , W =
L/A
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