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1. Introduction: In 1963, Levine[4] introduced semi-open sets and semi continuity in topological spaces.
After him, many researchers introduced similar weaker forms of open sets such as a-open sets, feebly open
sets, pre-open sets and 3-open sets. It was Csaszar(1], who observed the common features in all these open
sets and brought all these open sets under one umbrella by defining y-open sets.

Let X be a non-empty set. Let I'(X) be the collection of all mappings y: P(X) — P(X) possessing the property
of monotonicity. A subset A of X is said to be y-open if A €y(A). The collection p of all y-open sets contains
@ and is closed under arbitrary union. But it need not contain X and need not be closed under finite
intersection. Such a collection is given the nomenclature, generalized topology.

In 2016, Thivagar et al.[2] introduced the structure of N-topology which is a non-empty set equipped with
N-arbitrary topologies. In this paper, we have introduced generalized N-topological spaces.

2. Preliminaries: In this section, we discuss some basic definitions which will be useful for this paper.
Definition 2.1 [5]: A non-empty family u of subsets of a non-empty set X is called a generalized topology,
if @eu and arbitrary union of members of y is again in p. The pair (X,u) is called a generalized topological
space or GTS.

Definition 2.2 [2]: A quasi-pseudo metric on a non-empty set X is a function d; :X x X — R*U {o} such
that (i) di(x,x) = o for all x € X.
(ii) di(x,z)=di(x,y)+d\(y,z) for all x,y,z€ X, where R*is the set of all positive real numbers.

Definition 2.3 [2]: Let d, be a quasi-pseudo-metric on X, and let a function d. :X x X — R* U {o} be defined
by da(x,y) = di(x,y) for all x,y€ X. Trivially d.is a quasi-pseudo-metric defined on X and we say that d: and
d.are conjugate one another.

If d: is a quasi-pseudo-metric on X, then Ba(x, k) = {y : di(x,y) < k}, the open di-sphere with centre x and
radius k: >o. Classically, the collection of all d: spheres forms a basis for a topology, the obtained topology
be denoted by rand is called the quasi-pseudo-metric topology of d.. Similarly we get a topology . for X,
due to the quasi-pseudo-metric d-.

Journal Published by IMRF Journals - Sep 2018 / 366



Mathematical Sciences International Research Journal Volume 7 Issue 2 ISSN 2278-8697

Definition 2.4 [2]: A non-empty set X equipped with two arbitrary topologies 7 and t. is called a
bitopological space and is denoted by (X7, 12).

Definition 2.5 [2]: Let diand d- be conjugate, quasi-pseudo-metrics on X and define a function d; :X x X
— R*U {o} by

): [2d1(y,x)+d2(y,x)]

d3(x,y 3 VxyeX

Then

() dy(x,z)= [2d,(z,x)+d,(z,x)] 0
forall x e X 3

(i) d,(x,2) = [2d,(z,x) 3+ d,(z,x)]

< [Z(dl(z’y)-l-dl(y’x)); (d2(27y)+ d2(y’x))] _ d3 (x’y)_'_ d3 (y’ Z) for allx,y,z e X
Therefore, d; is a quasi-pseudo-metric on X which is called a Mean Conjugate(simply write M.C) of d,d-
and d.. For each i= 1,2,3, the quasi pseudo-metric d; gives a topology i whose base is {Bui(x,ki)}, where
{Bai(x, ki) = {y : di(x,y) <ki}. Thus we define a non-empty set X equipped with three arbitrary topologies z, z,
and t3is called a tritopological space and is denoted by (X,37) or (X1, 7,73). Generally, let d, d>,-dn- be
quasi-pseudo-metrics on X, d,and d. be conjugate and d;,d,,--dn- be M.C of d,,d. and d;; d,,d»,d; and d;;-
;dids, -+ ,dn-:and d,, respectively. Define a function dn:X x X — R* U {o} by

|:d1 (y,X)+§d,-(y,x)}

dN(xay)z N

Vx,y € X . We can easily verify that dvis a quasi-pseudo-metric on X. Also we note that for each N,

dn(x,y)#dn(y,x), for all x,y€ X and dnis called a Mean Conjugate(simply write M.C) of d,, d,-+, dn-1and d..
For each i=1,2,---,N, the quasi-pseudo metric d; gives a topology tiwhose basis is {Bui(x,ki)}, where Bai(x, ki)
={y : di(x,y) <ki}. Thus we define a non-empty set equipped with N-arbitrary topologies z, ,-+ ,nis called
a N-topological space and is denoted by (X,Nt) or(X, 7,75, , IN).

Definition 2.6 [2]: Let X be a non-empty set, T,T»...,7n be N-arbitrary topologies on X and let the
collection Nt be defined by Nr={§CX:8= (Ui\:lAi) U (ﬂ;\;lBi) ,4i, B; € 73} satisfying the following axioms:
(i) X,0eNT

(ii) U®,S; € NTVS; € N1

(iii) N,S; € NTVS; € Nt

The pair (X,Nt) is called a N-topological space.

3. Generalized N - Topology: In this section, we introduce the notion of generalized N-topological

spaces.

Definition 3.1 Let X be a non-empty set. Let iy, (5,...,unbe N arbitrary generalized topologies defined on X
N — S — (N N

and the collection N, be defined by N, ={CCX:C= (UL 4) U (N, Bi) , Ai, Bi € pui} satisfying the following

axioms:

(i) @ € Nu

(if) U, Cs € NuvC; € Nu
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The pair (X,Ny) is called a generalized N-topological space and the elements in the collection Ny are called
Nu- open sets on X. A subset A of X is said to be Nu- closed if its complement is Nu -open. The set of all
Ny -open sets and Ny -closed sets are, respectively, denoted by NuO(X) and NuC(X).

Example 3.2: Let X = {(I,b,C,d,e},[hO(X) = {(Z),{a,b},{b,c}},,uzO(X) = {Q)’{d}’{c’d}} and #BO(X):{Q)’{C}){G’C}}-
Then 3uO0X)={?,{a}, {c}{d},{a,b}{a,c},{b,c}{c,d},{a,d},{ab,c}, {ab,d}{acd}{bcd}{ab,cd}}.(X3u) is a
generalized tri-topological space.

Theorem 3.3: Let (Nu).and (Nu).be two generalized N-topological spaces on X. Then (Nu), N (Np)-is also
a generalized N-topology on X.

Proof:

1. Be(Np): N (Ny)2

2. Let {Ci}iel€(Nu).N(Np)2. Then

Ci€(Np),and Ci€(Np). Vi €l Therefore U C, €(Np): and U C, €(Nu)- and hence U C, e(Nu): N (Np)-
iel iel iel

Thus intersection of two generalized

N-topologies is again a generalized N-topology.

Remark 3.4: Union of two generalized
N-topologies need not be a generalized N-topology.

Example 3.5: Let X = {a,b,c,d}, 1:O(X) = {@,{a,b},{b,c},{a,b,c}} and p.O(X) = {B,{c},{a,c}}. Then 2uO(X) =
{0,{c}{a,b}, {a,c},{b,c},{a,b,c}}.

Now for the generalised topologiesy,’ O(X) = {@,{a},{d},{a,d}} and p."’ O(X) = {@,{a, b},{b,c},{a,b,c}}, we have
2p” O(X) = {0, {a}, {d}, {a.d}, {a,b}, {b,c}, {a,b,c}, {a,b,d}, {b,c,d}, X}. 21 and 2y’ are generalized bitopological
spaces on X. But 2u U2p'= {@, {a}, {c}, {d}, {a,b}, {b,c}, {a,c},{a,d},{a,b,c},{a,b,d},{b,c,d}, X} which is not a
generalized bitopology on X, since {c},{d} €2y, but {c} U {d} & 2p .

Definition 3.6: The N-u interior of a subset S of X denoted by Nu-int(S) is the union of all Nu open sets
contained in S. The N-u closure of S denoted by Nu-cl(S) is the intersection of all Nu closed sets containing
S.

Theorem 3.7: Let (X,Nu) be a generalized N-topological space and let A,B €X. Then

Nu-int(A) is the largest Nu open set contained in A.

Nu-cl(S) is the smallest Nu closed set containing A.

Np-int(@) = @

Nu-cl(X) =X

A SB =Np-int(A) SNu-int(B)

A SB =Nu-cl(A) SNu-cl(B)

Np-int(AUB)2Nu-int(A)UNu-int(B)

Nu-cl(AUB)2Nu-int(A)UNu-int(B)

. Np-int(ANB)SNu-int(A)NNy-int(B)

10. Nu-cl(ANB)SNu-cl(A)NNu-int(B)

Proof

1. By definition, Nu-int(A) is a Nu open set contained in A. Let W be a Ny open set contained in A.
Then W CU{C: C is an Nu open set contained in A} = Nu-int(A). Therefore Nu-int(A) is the largest Nu
open set contained in A.

Proof is similar to (i).

Proof is obvious.

Proof'is obvious.

Let A SB. Then every Nu open set contained in A is also an Ny open set contained in B.
Therefore U{C : Cis a Nu open set contained in A} CU{D : D is a Nu open set contained in B}
Hence Nu-int(A) SNu-int(B)

6. Proof'is similar to (v).

7. We know that ACAUB and BCAUB
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Therefore using (v)Nu-int(A)SNu-int(AUB).

Similarly Nu-int(B)SNu-int(AUB).

Therefore Nu-int(A)UNp-int(B) SNu-int(AUB).
8. Proof'is similar to (vii).
9. We know that ADANB and B2ANB.

Therefore using (v) Nu-int(A)2Nu-int(ANB).

Similarly Nu-int(B)2Nu-int(ANB).

Therefore Nu-int(A)NNy-int(B) 2Nu-int(ANB).
10. Proof is similar to (ix).

Remark 3.8: Though in classical N-topology, equality hold for (viii) and (ix) of theorem 3.7, it need not
hold in a generalised N- topological space.

Example 3.9: In example 3.2, let A={a,b} and B={b,c}. Then ANB={b}, 3u-int(ANB)=@. But 3u-int(A)={a,b},
3u—int(B)={b,c} and hence 3u-int(A)N3u~-int(B)={b}. Thus equality doesn’t hold for (viii) of theorem 3.7.
Again if C={c,d,e},D={a,d,e}. Then 3u-cl(C)=C, 3u-cl(D)=D and hence 3u—cl(C)usu-cl(D)={a,c,d,e}. But
CUD = {a,¢,d,e} and 3u-cl(CUD)=X. Thus equality doesn’t hold for (ix) of theorem 3.7.

Theorem 3.10: Let (X, Nu) be a generalized N-topological space and ASX. Then

(i) Nu-int(A) = X-Nu-cl(X-A).

(ii) Nu-cl(A) = X-Np-int(X-A).

Proof:

1. Let xENu-int(A). Then x€G for some Nu-open set G contained in A. That is x & X-G, where X-G is a
Nu closed set containing X-A.
Therefore x & Nucl(X-A) which implies xeX-Nucl(X-A).
Similarly, if x €X-Nucl(X-A) then x & Nucl(X-A). Hence 3 a N closed set F containing X-A such that
x & F. Thus x €X-F which is a Nu open set contained in A. Hence x ENuint(A).

2. x € Nucl(A) < x €FV Ny closed set F CA <> x¢& X-F V Nu open set X—-F 2X-A <> x & Nuint(X-A)
<> x €EX-Nuint(A).

Theorem 3.11: Let (X,Nu) be a generalized N-topological space and A €X. Then

1. Np-int(A)2mint(A)Upeint(A)U---Uunint(A).

2. Nyu-cl(A)Spucl(A)Npacl(A)N--Nuncl(A).

Proof:

1. Let x€mint(A)Up.int(A)U---Uunint(A). Then xepiint(A) for some i. So, there exists a pi open set G
containing x such that G SA. But every piopen set is also a Nu open set Vi. Hence G is a Nu open set
containing X such that GCA. Therefore xENu-int(A). Hence
Nu-int(A)2pint(A)Upint(A)U-- Uunint(A).

2. Since (i) is true for every subset A of X replacing A by X-A we get, Nu-int(X-A) 2puint(X-A)Upaint (X-A)
U - Upnint(X -A).

Taking complements on both sides and applying demorgan’s law and theorem 3.10, we get the desired

result.

Remark 3.12: Equality need not hold in theorem 3.11.

Example 3.3: In example 3.2, let A={a,d}. Then wint(A)= @, w.int(A)={d}, psint(A)=@ and hence
wint(A)Upsint(A)Upsint(A)={d}. But 3uint(A) = {a,d}. Thus equality doesn’t hold for (i) of theorem 3.11.
Again if B = {b,c,e}, then pcl(B) = X,p=cl(B) = {a,b,c,e}, pscl(B)=X and hence pcl(B)Npcl(B)Npscl(B) =
{a,b,c,e}. But 3ucl(B) = {b,c,e}.Hence equality doesn’t hold for (ii) of theorem 3.11.

Definition 3.14: Let f: (X,Nu) — (Y,Nv) be a function where X and Y are two generalized N-topological
spaces. fis called N*g-continuous if for every Nv-open set U in Y,f"'(U) is a Nu-open set in X.
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Theorem 3.15: Let f: (X,Nu) — (Y,Nv) be a function where X and Y are two N-generalized topological
spaces. Then the following are equivalent.

1. f is N*g-continuous.

2. For every Nv-closed set Fin Y, f*'(F) is a Nu-closed set in X.

3. For every subset A of X, fINu-cl(A)) SNv-cl(flA)).

4. For every subset B of Y, Nu-cl(f"'(B)) Sf*(Nv-cl(B)).

5. For every subset B of Y, f'(Nv-int(B)) SNu-int(f*(B)).

Proof (i)=(ii) Let fbe N*g-continuous. Then by definition, f'(U) is a Nu-open set in X,for every Nv-open
set Uin Y. Let F be a Nv-closed set in Y. Then F¢is an Nv-open set in Y. Hence f'(F¢) is Nu-open in X. But
fU(F) = (f'(F))“. Therefore (f*(F))“is Nu-open in X. So f'(F) is Nu-closed in X.

(ii)=(iii) Let us assume that for every Nv-closed set F in Y, f(F) is a Nu-closed set in X. Let A be a subset
of X. Now Nv-cl(f[A)) is a Nv-closed subset of Y. Hence by assumption, f(Nv-cl(f{A))) is a Nu-closed
subset of X. Also it contains A. But Nu-cl(A) is the smallest Nu-closed set containing A. Therefore Nu-cl(A)
Sf(Nv-cl(f{A))). Hence fANu-cl(A))SNv-cl(f{A)).

(iii)=(iv) Let us assume that for every subset A of X,fANu-cl(A)) SNv-cl(f{A)). Let B be a subset of Y. Then
f7(B) is a subset of X. Replacing A by f(B) in (iii), we get fAINu-cl(f"(B))) SNv-cl(B). Hence Nu-cl(f*(B))
S (Nv-cl(B)).

(iv)=(v) Let B be a subset of Y. Assume (iv) is true. Replacing B by B“in (iv), we get, Nu-cl(f"(B°)) Sf"(Nv-
cl(B)). Taking complement on both side we get,
X-Nu-cl(f'(B))2X-f"(Nv-cl(B°)) which implies X-Nu-cl(f*(B)¢)2f*(Y-Nv-cl(B°)). Using theorem 3.10, we
get Nu-int(f'(B)) 2f" (Nv-int(B)).

(v)=(i) Assume (v) is true. Let U be a

Nv-open set in Y. Using (v), we get

S (Nv-int(U))ENu-int(f*(U)). Since U is Nv-open, f(U)SNu-int(f*(U)). But always f(U)2Nu-int(f*(U)).
Therefore we get f(U)=Nu-int(f"(U)). Hence f*(U) is Nu-open in X. Therefore fis N*g-continuous.

4. Conclusion: In this paper, we have introduced a new structure of generalized N-topology on a
nonempty set. We have defined Nu-interior, Nu-closure and discussed some of their properties. We have
also defined N*g-continuous functions between generalized-N-topological spaces and established its
characterizations. In future, this study can be extended to apply other concepts of topology in generalized
N-topology.
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