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Abstract: In this research paper, we consider fixed point of some semi – compatible map on complete 
Menger space. Our paper is generalization of some known results in this field [1 – 11]. 
The  theory  of  Probabilistic  metric spaces  is an important  part of Stochastic Analysis , and  so it is of 
interest  to develop, the fixed point theory in such spaces. There are many results in fixed point theory 
in probabilistic metric spaces. 
The Concept of weakly compatible mapping is most general as each pair of compatible mapping is 
compatible but the reverse is not true. Singh and Jain [10] established  a common fixed point theorem 
in Menger space  using the concept of weak compatibility  and compatibility  of pair of self maps. We 
generalize and extend the result of B.D. Pant and Sunny Chauhan[6] for eight mapping opposed to six 
mapping in complete Menger space using the concept of compatibility. 
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Introduction: 
Definition:   A  Binary  operation * :[0 ,1] X [0,1]→[0,1] is  a Continuous t-norm if  * satisfies  the 
following  condition: 
1) *  is commutative and associative, 
2) * is  continous, 
3)   A*1 =a for all aԐ [0,1], 
4) A*b ≤ c * d, whenever  a≤ c and b≤ d , for  all  a, b, c,  d ԑ [0,1]. 
 Example:  t- norm are a*b = ab and a*b= m {a, b}. 
 
Definition: A probability metric space (P,M space) is an ordered pair (X,F) consisting of a non empty 
set X and a function F:XxX→L. where L is the collection of all distribution functions and the value of 
F ,v. The function Fu,v is assumed to satisfy the following conditions:  

a)  (P,M-1)  , for all x  

b) (P,M -2) =0. 

c) (P,M-3) . 

d) (P,M-4)  

 
Definition: A  mapping t: [0,1] X [0,1]  is called a t-norm if  
a) t(a,1)=a, t (0,0)=0. 
b) t(a,b)=t(b,a) (symmetric) 
c) t(c,d)  
d) t( t(a,b),c)=t(a,t(b,c))  
 
Definition:  A menger space is a triplet (X,F,t) where (X,F) is a PM- space and t is a norm such that the 
inequality 

 for  all u,v,w in X and x,y  

 
Definition: The self maps A and B of a menger space (X,F,t) are said to be compatible if 

 for all t  { } is a sequence in X such that  for some z  X as 
n . 
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Definition:  Self maps A and S of a menger space (X,F,t) are said to be weak compatible if they 
commute at their coincidence point i.e. if AP=SP for some P  then ASP= SAP  
 
Definition:  A pair (A,B) of self maps of a menger space (X,F,t) are said to be semi compatible if 

 
 
Whenever { } is a sequence in X such that  It follows that if (A,B) is 
semi compatible and Ax=Bx then= BAx. Thus if the pair (A,B) is semi compatible then it is weakly 
compatible but the converse is not true.  
 
Lemma (1): Let (X,F,t) be a menger space if there exists k  

 

 
Lemma (2): Let { } be a sequence in a menger space (X,F,t) with continuous t-norm and t(x,x)

suppose for all x  [0,1] these exists k  (0,1) such that for all x  and n  N.  

 
 
Then { } is a Cauchy sequence in X.  
 
Main Theorem:Let  A,B,S,T,Pand Q  are self mapping  on  a complete Menger space (X,F,t ) satisfying  
1. A(X)≤ ST(X), B(X)≤PQ(X). 
2. PQ=QP,ST=TS,AQ=QA,BT=TB. 
3. Either A is continuous or PQ is continuous. 
4. (A,PQ) is Semi-compatible and(B,ST)is weak compatible . 
5. There exists kԐ (0,1) such that 
FAx,By (kt) ≥ min [FPQx,Sty(t),{FPQx,Ax(t). FBy,STy(t)},FAx,PQx(t) ]. 

Proof: Let  x0ÎXthere exists x1,x2ÎX such that  
Ax0=STx1=y0  and Bx1=PQx2=y2. Inductively we can construct sequence {xn} and {yn} in X such that      
Ax2n= STx2n+1 =y2n and  
Bx2n+1=PQx2n+2=y2n+1    for n=0, 1, 2, 3, … 
 
Now we prove {yn} is a Cauchy sequence in X. 
 
Putting x=x2n  , y=x2n+1 for  x> 0. 
FAx2n,Bx2n+1 (kt) ≥ min [FPQX2n,STx2n+1 (t),{FPQx2n,Ax2n(t).FBx2n+1,STx2n+1(t)},FAX2n,PQx2n (t)] 
Fy2n,y2n+1 (kt) ≥ min [Fy2n-1,y2n (t) ,{Fy2n-1,y2n(t).Fy2n+1,y2n(t)}.Fy2n,y2n-1(t)] 
 
Hence, 
Fy2n,y2n+1 (kt)≥ min [Fy2n-1,y2n(t),Fy2n,y2n+1(t)] 
Fy2n,y2n+1(kt) ≥ min[Fy2n-1,y2n(t)]Fy2n,y2n+1(t)] 
 
Similary  
Fy2n+1,y2n+2(kt) ≥min[Fy2n,y2n+1(t),Fy2n+1,y2n+2(t)] 
 
Therefore for all n even or odd 
Fyn,yn+1(kt) ≥ min{Fyn-1,yn(t),Fyn,yn+1(t)] 
 
Consequently, it follows that for p=1,2,3----- 
Fyn,yn+1(kt) ≥ min{Fyn-1,yn(t),Fyn,yn+1(t)/k

p
] 

 
By notion that Fyn,yn+1(t/k

p
)→1 as n→∞ it follows that 

Fyn,yn+1(kt) ≥min {Fyn-1,yn(t)}  for all nԐN  and t>0. 
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Hence ,{yn} is a Cauchy sequence in X which is complete . Hence  {yn}  →zÎX.  We    shall     use  the   
fact   that    subsequence  {y 2n}  also  converges  to  z.   
Ax2n→STx2n+1→ Z,     Bx2n+1→Z  ,PQx2n→Z. 
 
Case 1:     when  A  is continuous , then 
AAx2n→AZ  and  ----------------------- 
(A ,PQ) is semi compatible then ,we have   
A(PQx2n) →PQZ 
As the limit of sequence in Menger space is unique then we have  
PQZ=AZ 
 
Step 1: By  putting x=z  and  y=x2n+1. 
FAZ,Bx2n+1 (kt) ≥ min [FPQz,STx2n+1 (t), {FPQZ,AZ (t). FBx2n+1,ST2n+1(t) } ,FAz,pqz(t) } 
Taking  the limit as n→∞  , we get  
FAZ,Z(kt)≥ FAZ,Z (t) 
We have    AZ=Z, Since PQZ=AZ 
AZ=PQZ=Z 
 

Step 2: As  A(X) is subset of ST(X)  then  there exists wÎX  , such that 
Z=Az=STz,   putting  x =x2n  y=w 
FAx2n,Bw (kt) ≥ min [FPQx2n ,STw (t),{FPQx2n ,Ax2n (t).FBw,STw (t)},FAx2n,PQx2n (t)}] 
 
Taking  the limit as   n→∞ 
FZ,Bw( kt) ≥ min [FZ,Z (t),{FZ,Z(t) ,FBw,Z (t)},FAZ,Z (t) }] 
FZ,Bw(kt) ≥FBw,Z (t) 
 
We have   Bw=Z 
 
Hence    Z=AZ=STW=BW 
       (A,PQ)  and ( B,ST)  are  weak Compatible. 
 
Step 3:  putting  x=x2n  ,y=z 
FAx2n,Bz (kt)≥  min [ FPQx2n,STz (t), {FPQx2n,Ax2n(t), FBz,STz (t)}  FAx2n,PQx2n (t)}] 
 
Taking  the  limit  as  n→∞   ,    and   STZ=BZ 
FZ,BZ (kt) ≥  min [FZ,BZ (t),{FZ,Z  (t) ,FBz,Bw(t) },Fz,z (t) }] 
Fz,Bz (kt)≥  min {Fz,Bz (t) } 
FZ,BZ (kt) ≥F Z,Bz(t). 
BZ=Z 
 
Hence   z=Bz=STz. 
 
Step  4: putting  x =x2n ,  y=Tz 
FAx2n ,BTz  (kt)≥  min [FPQx2n, STTz (t) {FPQx2n ,Ax2n (t). FBTz,STTz (t) } FAx2n,PQx2n (t) } ] 
As             BT=TB      ,ST=TS 
BTz=TBz    ,    ST(Tz)  =TS(Tz) = T(STz) =Tz 
Taking   limit        n→∞, 
    Fz,Tz (kt)  ≥ min [ Fz,Tz  (t),{Fz ,z (t).FTZ,TZ (t)},Fz ,z (t)] 
Fz,Tz  (kt) ≥  min  {Fz,Tz (t) } 
Fz,Tz (kt) ≥  Fz,Tz (t) 
                Tz=z 
STz= Tz  =z    implies    Sz=z 
Sz=Tz=Bz =Az =z. 
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Step  5:  putting   x= Qz     and     y=x2n+1 
FAQz,Bx2n+1 (kt)≥  min [FPQQz, STx2n+1 (t),{FPQQz,AQz (t).FBx2n+1,STx2n+1 (t)},FAQz,PQQz (t)}] 
 
As    AQ=QA          and    AB=BA 
PQ(Qz)  = QP(Qz)  =Q(PQz)=Qz,     AQz=QAz   =Qz 
Taking     limit    n→∞ 
FQz,z (kt)  ≥ min [FQz, z (t),{FQz ,Qz (t).F z,z (t)},FQz,Qz (t)}] 
FQz,z  (kt) ≥ min {FQz,z (t) } 
FQz,z (kt)≥  FQz,z (t) 
 
We  get       Qz=z 
Since     PQz=z   implies   pz=z 
Therefore         Pz=Qz  =Az=z 
Combine  all the  results  ,  we get   
Az =Bz=Sz=Tz=Pz=Qz=z 
 
Thus  Z is a common fixed point of the mapping   A ,B , S ,T ,P  and  Q. 
 
Case 2:  If  PQ is continuous .the proof follows  by  case  1. 
 
Uniqueness---  Let  z  be another common fixed point of  A,B,S,T,P  and Q then 
Az=Bz=Sz=Tz=Pz=Qz=z 
 
Putting   x=z  ,y=z 
FAz,Bz (kt) ≥  min [FPQz  , STz (t),{FPQz,Az (t).FBz,STz (t)}FAz,PQz(t)}] 
Fz,z(kt)  ≥ min  {Fz,z (t)} 
Fz,z (kt)  ≥ Fz,z (t)  ,   we  get    z=z    for   all    

x, y ÎX  and   t  > 0  ,  Therefore    z  is the  unique  common  fixed  point  of  A, B , S ,T,P and  Q. 
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